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Abstract— This paper addresses the coverage control prob-
lem in environments where several regions of interest exist. To
this purpose, a heterogeneous group of robots are deployed
to minimize a cost function defined with respect to various
spatial probability density functions, each of which describes
a desired area for a different group of robots. Each region
of interest is assigned to a group of robots with respect to
their dynamics and sensing capabilities. A distributed coverage
scheme is proposed to allow adjusting to the environment with
several important areas in a collaborative way. The regions
with higher importance would be covered with an appropriate
number of robots. The proposed method also allows for a better
allocation of robots to guarantee the desired coverage over the
region. Two numerical examples are finally given to examine
the proposed coverage approach in case of multiple regions of
interest that may need to be covered by a certain number of
robots.

I. INTRODUCTION

Analytical methods have been developed for deployment
of a group of robots to accomplish assigned tasks, such as
coverage, in an environment known a priori. Typical appli-
cations of the coverage problem include search, surveillance,
target detection and rescue operations, sensing, and data
collection [1], [2], [3], [4]. The major question in coverage
problem is how to share the workload in a reliable and
efficient way while performing in a distributed way. The
distributed method proposed in [5] finds a locally optimal
coverage in an environment with a homogeneous group of
robots based on the Voronoi diagram framework, where
each robot implements a control law designed based on the
gradient descent method that minimizes the coverage cost in
space and time leading to an optimal partitioning.

A multi-robot system can generally be considered as a
homogeneous or heterogeneous system deployed to perform
assigned tasks [6], [7], [8]. The generalized Voronoi diagrams
depending on a set of weights are used to handle the
heterogeneous groups of robots as presented in [9], [10],
[11]. Furthermore, due to the need for collecting various
types of data from a given region, robots may be equipped
with different types of sensors to measure the environmental
parameters with different rates and precision [12], [13], [14],
[8]. It is also possible that a sensor installed on a robot has
a particular operational characteristics, and hence, it may be
more suitable to be deployed in a certain part of the region.
The present work considers the case, where there are more
than one important region in the environment, where each
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important region is assigned to a set of robots that will cover
the area using their equipped sensors.

Existing coverage control approaches plan a local optimal
path for each robot to address the coverage problem neglect-
ing the possible differences in the dynamics of the robots
[15]. For instance, a heterogeneous group of unmanned aerial
vehicles (UAVs) and unmanned ground vehicles (UGVs)
were deployed in [16], [17] to cover large areas, where it
was shown that the dynamical differences may lead to several
issues. For example, the UGVs are not able to move as fast
as UAVs, but they can be equipped with highly accurate
sensors [15], [17]. Hence, it is realistic in many practical
applications to take into account the dynamics of the robots
in planning the optimal path. This paper also attempts to
present a distributed approach that enables the robots to be
deployed with respect to their dynamics. The agents with
similar dynamics can be assigned to the same region to
accomplish the coverage task in a more efficient way. A
long-distance important region, with respect to the initial
positions of robots, is assigned to a group of robots that
have the dynamic capabilities to move faster than others. For
instance, in the UAV/UGV example given above, the UAVs
are desired to cover the regions far from the locations they
are initially deployed while the UGVs pursue tasks close to
their initial deployed position.

A team-based coverage control scheme has been intro-
duced in [18] to facilitate the deployment of a heterogeneous
group of robots. The proposed algorithm uses heterogeneous
teams of robots to handle the coverage of the given envi-
ronment, but the number of teams and team members are
assumed to be independent of the environment. The present
work introduces a new coverage control scheme that can
allow deploying groups of heterogeneous robots in order
to handle the coverage problem in an environment that
consists of multiple important regions. Each important region
is assigned to a group of robots by taking into account
their dynamics and sensing capabilities. To this aim, the
density function associated with each robot may differ from
its neighbors to reflect the difference in their associated
regions of interest. Each robot might team up with others
based on its density function, associated dynamics, or sensing
characteristics. Therefore, the proposed coverage strategy
would make it possible to improve reliability, accuracy, and
flexibility of the deployment algorithm by taking into ac-
count the differences in the embedded sensors and dynamics
of robots through offering an alternative solution method
for the underlying sensing cost function. In the proposed
formulation, the importance functions associated with the
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neighboring agents may differ form each other. This implies
that, unlike the previous coverage control algorithms, there
will be an additional term in the control law that takes into
account the potential difference in the importance function
of the robots sharing boundaries. Each robot can calculate
its Voronoi cell by knowing not only the position of the
neighboring robots, but also a data set associated with the
difference in their density functions. The required informa-
tion for calculating the Voronoi cells is obtained through the
adjust-communication radius algorithm first developed in [5].

The remainder of this paper is structured as follows. Defi-
nitions and the problem statement are provided in Section II.
Section III introduces a new optimization problem suited for
the coverage problem in the presence of several regions of
interest. The asymptotic convergence of the group of agents
imposing the proposed control law is proven through the
use of the Barbalat’s lemma. Section IV presents simulation
results to illustrate the proposed solution method for the
coverage problem in the environment with multiple regions
of interest with different degrees of importance.

Notations

We use N, R, and R+ to denote the sets of natural, real,
and nonnegative real numbers. Also, Ir denotes r×r identity
matrix. We define Q as a convex polytope in R2 and let Q =
{Q1,Q2, . . . ,QN} be a partition of Q as a collection of closed
subsets with disjoint interiors. The boundary of Q is shown
by QB . The shared edge of the Voronoi cell Vm with Voronoi
cell Vs is shown by V Bms that is V Bm ∩V Bs . Moreover, the so-
called distribution density function (importance function) is
denoted by ϕ, where ϕ : Q → R+ represents the probability
of some phenomenon occurring over space Q . The function
ϕ is assumed to be measurable and absolutely continuous.
The Euclidean distance function is denoted by ‖ · ‖ and |Q |
represents the Lebesgue measure of convex subset Q . With
pi defined as the location of the ith agent, the vector set
P = (p1, p2, . . . , pN ) denotes the location of N agents in
the space Q .

II. PRELIMINARIES AND PROBLEM STATEMENT

The objective of the coverage related tasks is to ensure a
high sensing performance for a mobile network of sensors.
This is formulated as an optimization problem that aggre-
gates the sensing performance of all the robots into a so-
called sensing cost function. This section gives an overview
of the sensing cost function and the necessary modifications
to cope with the complexity of the problem at hand.

A. Voronoi partitions

This paper aims at addressing the problems of agents de-
ployment and partitioning to efficiently handle multiple tasks.
The main objective of this work is to adopt the multi tasking
concept in the agents deployment problem and partitioning
framework. To do so, we first need to define an optimization
problem that can handle the partitioning and deployment
within the defined polytope Q . The optimization problem
should consider various importance functions representing

the difference in the received sensory data or the assigned
task in the context of coverage control.

We first partition the polytope Q into a set of Voronoi cells
V(P) = {V1, V2, . . . , VN} that are known to provide the
optimal partitioning for a set of agents with fixed locations
at a given space [5] as

Vm = {q ∈ Q | ‖q−pm‖ ≤ ‖q−pr‖, r = 1, . . . , N, r 6= m},
(1)

where pm denotes the location of mth agent in Q and m ∈
{1, . . . , N}. The importance function associated with one
agent can differ from another; such a difference can well
represent heterogeneity in their embedded sensing devices or
assigned tasks in the distributed system of agents. We recall
the basic characteristics of the Voronoi partitions including
their associated mass, centroid, and polar moment of inertia
defined as in [5].

III. COVERAGE CONTROL IN AN ENVIRONMENT WITH
MULTIPLE REGIONS OF INTEREST

Due to the possible difference in the agents sensing
capabilities, it is likely that the agents can carry different
sensors. This is addressed in the present work by intro-
ducing an alternative formulation of the coverage problem
for heterogeneous agents pursuing various tasks in a re-
gion characterized by different importance functions. The
deployment task of interest in this paper can be addressed by
solving an optimization problem that represents the agents
with various regions of interest collectively. The optimization
problem seeks to achieve the optimal deployment over the
convex polytope Q , where each agent’s region needs to be
determined. Hence, the following cost function is defined

G(P,Q) =

N∑
m=1

∫
Qm

‖q − pm‖2ϕm(q)dq, (2)

in which the sensing performance is considered as f(‖q −
pm‖) = ‖q − pm‖2 for the mth agent with the importance
function of ϕm. The solution to minimizing G in (2) gives
a local minimum to the deployment problem, where agents
are collaborating and heterogeneous. It can be shown that
among different partitioning schemes, the Voronoi partitions
are optimum in the sense of minimizing defined cost function
(2) [5]. Hence, for a given set of agents position P ∈ Q and
a partition Q of Q , it satisfies

G(P,V(P)) ≤ G(P,Q), (3)

which implies that the Voronoi cells represent the optimum
partitioning. To obtain the optimum configuration of the
agents, we need to solve the problem of minimizing (2). In
order to avoid the complexity involved in obtaining the global
minimum of an NP-hard (Non-deterministic Polynomial-
time hard) problem, the local minimum of the cost function
is sought for by taking the derivative of the sensing cost
function with respect to the agents position as

∂G
∂pm

=
∂

∂pm

N∑
r=1

∫
Vr

‖q − pr‖2ϕr(q)dq, m = 1, . . . , N.

(4)
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The solution to this problem differs from the conventional
sensing cost functions due to various importance functions
involved that represent heterogeneity. The derivative with
respect to the coordinates of agent pm is obtained as

∂G
∂pm

=

∫
Vm

∂

∂pm
‖q − pm‖2ϕm(q)dq+

N∑
r=1

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq, (5)

where V Br represents the boundary of the Voronoi cell Vr.
As it can be inferred from the definition of the Voronoi
partitioning, the boundary of the Voronoi cell Vr that is in
the neighborhood of mth robot is dependent on pm.

Remark 1: The agents whose Voronoi cells do not share
any edges with the Voronoi cell associated with pm are
independent of pm. This implies that ∂V B

r

∂pm
= 0 for any

r = 1, . . . , N that pr /∈ Npm where Npm represents the set
of agents that share boundaries with mth agent.

Remark 2: The integral on each boundary shared with
neighboring agents is the same for agents on both sides
except that the normals have opposite signs, i.e., Nsm =
−Nms, where Nms is the normal vector for the edge of
the Voronoi cell Vm, i.e., V Bms, that is shared with another
Voronoi cell Vs.

The last term in (5) can be rewritten as follows

N∑
r=1

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq =

∑
pr∈Npm

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq+

∑
pr /∈Npm

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq. (6)

According to Remark 1, the last term is reduced to the
integral on the boundary of the agent mth agent. Then, we
obtain the following

N∑
r=1

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq =

∑
pr∈Npm

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq+∫
V B
m

‖q − pm‖2ϕm(q)
∂V Bm
∂pm

Nmdq =

∑
pr∈Npm

∫
V B
rm

‖q − pr‖2ϕr(q)
∂V Brm
∂pm

Nrmdq+

∑
pr∈Npm

∫
V B
mr

‖q − pm‖2ϕm(q)
∂V Bmr
∂pm

Nmrdq. (7)

Using Remark 2 and the following equality

∂V Bmr
∂pm

=
∂V Brm
∂pm

, (8)

it can be concluded that

N∑
r=1

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq =∑
pr∈Npm

∫
V B
mr

(‖q − pm‖2ϕm(q)−

‖q − pr‖2ϕr(q))
∂V Bmr
∂pm

Nmrdq. (9)

From the definition of the Voronoi cell (1), we have ‖q −
pm‖ = ‖q − pr‖ for any r ∈ Npm . Hence, the following is
obtained

N∑
r=1

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq =

∑
pr∈Npm

∫
V B
mr

‖q − pm‖2
(
ϕm(q)− ϕr(q)

)∂V Bmr
∂pm

Nmrdq.

(10)

It is noted that each agent might also be the neighbor of other
agents that pursue a similar task through the same importance
function. If that is the case, then the result of (10) is equal
to zero. However, this is not the case in general and hence,
we need to evaluate the integral on the given boundaries.

The line to which the points on the agents boundaries
belong can be described by

(Nmr)>(q −
pr + pm

2
) = 0, q ∈ V Bmr, (11)

where V Bmr is the shared boundary between agents m and r.
The normal vector Nmr associated with V Bmr is obtained by

Nmr =
pr − pm
‖pr − pm‖

. (12)

The partial derivative of (11) with respect to pm is obtained
as follows

∂Nmr
∂pm

(q − pr + pm
2

) + (
∂V Bmr
∂pm

− 1

2
)Nmr = 0, (13)

where

∂Nmr
∂pm

=
Nmr(Nmr)> − I2
‖pr − pm‖

. (14)

By substituting (14) into (13), we obtain

∂V Bmr
∂pm

Nmr =
Nmr(Nmr)> − I2
‖pr − pm‖

(
pr + pm

2
− q)+

1

2
Nmr, q ∈ V Bmr. (15)
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Substituting (15) back into (10) leads to

N∑
r=1

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq =

∑
pr∈Npm

Nmr(Nmr)> − I2
‖pr − pm‖

∫
V B
mr

(
‖q − pm‖2(ϕm(q)−

ϕr(q))
pr + pm

2
− ‖q − pm‖2

(
ϕm(q)− ϕr(q)

)
q

)
dq+

1

2
Nmr

∫
V B
mr

‖q − pm‖2
(
ϕm(q)− ϕr(q)

)
dq. (16)

By rearranging the terms in (16), we obtain

N∑
r=1

∫
V B
r

‖q − pr‖2ϕr(q)
∂V Br
∂pm

Nrdq =

∑
pr∈Npm

(
Nmr(Nmr)> − I2
‖pr − pm‖

pr + pm
2

+
1

2
Nmr

)
∫
V B
mr

‖q − pm‖2
(
ϕm(q)− ϕr(q)

)
dq−

Nmr(Nmr)> − I2
‖pr − pm‖

∫
V B
mr

‖q − pm‖2
(
ϕm(q)− ϕr(q)

)
qdq.

(17)

The derivative (5) can then be rewritten as

∂G
∂pm

=

∫
Vm

∂

∂pm
‖q − pm‖2ϕm(q)dq+

∑
pr∈Npm

(
Nmr(Nmr)> − I2
‖pr − pm‖

pr + pm
2

+
1

2
Nmr

)
∫
V B
mr

‖q − pm‖2
(
ϕm(q)− ϕr(q)

)
dq−

Nmr(Nmr)> − I2
‖pr − pm‖

∫
V B
mr

‖q − pm‖2
(
ϕm(q)− ϕr(q)

)
qdq.

(18)

Further simplification of (18) using the equations of mass
and centroid results in

∂G
∂pm

= −2MVm(CVm − pm)+∑
pr∈Npm

(
Nmr(Nmr)> − I2
‖pr − pm‖

pr + pm
2

+
1

2
Nmr

)
∫
V B
mr

‖q − pm‖2
(
ϕm(q)− ϕr(q)

)
dq−

Nmr(Nmr)> − I2
‖pr − pm‖

∫
V B
mr

‖q − pm‖2
(
ϕm(q)− ϕr(q)

)
qdq.

(19)

Considering the following notations

Gmr =
∫
V B
mr

‖q − pm‖2
(
ϕm(q)− ϕr(q)

)
dq, (20)

Lmr =
∫
V B
mr

‖q − pm‖2(ϕm(q)− ϕr(q))qdq, (21)

equation (19) can be written as

∂G
∂pm

= −2MVm(CVm − pm)+∑
pr∈Npm

(Nmr(Nmr)> − I2
‖pr − pm‖

pr + pm
2

+
1

2
Nmr

)
Gmr−

(Nmr(Nmr)> − I2
‖pr − pm‖

)
Lmr. (22)

As observed from (22), we need to obtain the integral on the
boundaries of the agents’ Voronoi for Gmr and Lmr that take
into account the effect of the difference in the importance
function of the neighboring agents.

A. Controller design

The gradient-decent based control law is utilized here to
guarantee the convergence of the agents to their equilibrium
point while pursing various objectives. The following dy-
namics is imposed on each agent

ṗm = um =
Km

2MVm

(
− ∂G
∂pm

)
=

Km

2MVm

(
2MVm

(CVm
− pm)− γm

)
, m = 1, . . . , N,

(23)

where Km is a positive scalar and

γm =
∑

pr∈Npm

(Nmr(Nmr)> − I2
‖pr − pm‖

pr + pm
2

+
1

2
Nmr

)
Gmr

−
(Nmr(Nmr)> − I2

‖pr − pm‖
)
Lmr. (24)

By dividing Km by varying 2MVm
, the control input is

normalized to distribute the effect of both terms in the
controller design. As expected, the first term drives the agent
towards its centroid while the second term is associated with
various regions of interest when multiple agents collaborate.
In other words, the above control law ensures that the agents
move to their optimum location while taking into account the
difference in importance functions.

B. Computation of the Voronoi cells

The Voronoi cells associated with each agent require a
set of information to be computed over time. Based on the
algorithm presented in [5], the agents are able to compute
their Voronoi cells by communicating with the neighboring
agents. In order to obtain the control law for each agent
in the proposed approach of this paper, the agents need to
receive the integral of ‖q − pr‖ϕr(q) and ‖q − pr‖ϕr(q)q
on the edge shared with other agents from the neighboring
agents. Even though this increases the amount of data to
be exchanged through the communication link, however, it
eliminates the need for equipping all the agents with the
same sensing devices in practical applications. In fact, the
proposed distributed approach enables a group of hetero-
geneous agents capable of accomplishing the coverage task
while acquiring certain information from their neighbors.
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C. Convergence of the proposed controller

The proposed controller drives the agents to their centroid
while taking the heterogeneity of the agents into account. To
ensure the convergence of the agents to their collective local
optimum, the following lemma is proposed.

Lemma 3.1: The agents converge to a local minimum by
imposing the control law (23). That is,

lim
τ→∞

∥∥∥∥− 2MVm
(τ)(CVm

(τ)− pm(τ)) + γm(τ)

∥∥∥∥ = 0,

(25)

for ∀m ∈ {1, . . . , N}.

Proof: The asymptotic behavior cannot be proved
through invoking the invariant set theorem for time-varying
systems; we hence use the Barbalat’s lemma to prove the
asymptotic convergence of the group of agents when each
agent follows an optimal configuration. To this aim, the
Lyapunov-like function associated with each team is defined
as

V = G(·, ·). (26)

The derivative of this function is obtained as

V̇ =

N∑
m=1

(
∂pm
∂τ

)>
∂G
∂pm

. (27)

Substituting (19) and (23) into (27), we obtain

V̇ = −
N∑
m=1

Km

2MVm

(
− 2MVm

(CVm
− pm) + γm

)>

(
− 2MVm(CVm − pm) + γm

)
. (28)

Since MVm
and Km are positive scalars, it can be concluded

that the derivative (28) is non-positive, V̇ ≤ 0. Due to
the positivity of the cost function G, it is also concluded
that the Lyapunov-like function (26) is non increasing and
hence lower bounded. As shown in [19], V̈ (τ) is uniformly
bounded that results in uniform continuity of the V̇ (τ). Now,
due to the boundedness of V (τ) and the continuity of V̇ (τ),
it is concluded by Barbalat’s lemma that

lim
τ→∞

V̇ (τ) = 0 =⇒

lim
τ→∞

‖ − 2MVm
(τ)(CVm

(τ)− pm(τ)) + γm(τ)‖ = 0,

(29)

for ∀m ∈ {1, . . . , N}.

IV. SIMULATION RESULTS AND DISCUSSION

Simulation results are shown here to examine the ef-
ficiency of the proposed coverage control approach. The
objective is to determine the coverage configuration and the
path taken by each robot to yield the optimal deployment.
In the first scenario, three different importance functions
are assigned to three groups, each composed of six robots.
As an initial configuration, the robots are deployed ran-
domly to accomplish their associated coverage task while

Fig. 1. Initial (top) and final configurations (bottom) for three groups of
six agents, each of which pursues a different coverage task.
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Fig. 2. Convergence of the sensing cost for the first scenario.

communicating with agents pursuing a different task. This
illustrates the heterogeneity of the agents in terms of the
underlying coverage density function that represents the
potential differences in the dynamics or sensing capabilities
of the robots. As shown in Figure 1, the robots collaborate
to ultimately converge to their assigned region of interest. It
is noted that the controller gain is chosen to be Km = 0.073
for the first example. Furthermore, the convergence of the
sensing cost function is shown in Figure 2. As the second
scenario, three groups composed of 8, 4, and 6 robots are
deployed to cover a given region. The goal here is to demon-
strate how the proposed coverage control method works
for there multiple regions of interest with various degrees
of importance (various values of the variance). Hence, the
proposed method enables us to deploy different number of
robots to each region with respect to the complexity of the
underlying sensing or coverage tasks. The control gain for
this scenario is chosen to be Km = 0.012. It is also noted
that throughout this work, it is assumed that the importance
functions are known a priori. As the simulation results show,
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Fig. 3. Initial (top) and final configurations (bottom) for three groups of 8,
4, and 6 agents, each of which is deployed to cover a region of interest. The
results show the flexibility of the proposed approach to cope with problems,
where there is a need to assign various number of robots to different regions.

0 20 40 60 80 100
0

100

200

300

400

500

600

700

800

Time (s)

S
en

si
ng

 C
os

t

Fig. 4. Convergence of the sensing cost for the second scenario.

the ultimate goal is achieved, where the larger regions are
assigned to a higher number of agents or the agents with
better sensing performance are given a larger region to cover.
The convergence of the sensing cost function for the second
scenario is shown in Figure 4.

V. CONCLUDING REMARKS

In this paper, a coverage control approach is proposed
to cover environments with several important regions. The
proposed method enables the deployment of a group of
heterogeneous robots with potentially different dynamics and
sensing capabilities to perform a desired task while minimiz-
ing the sensing cost. Each region of interest is allocated to a
group of agents based on the similarity in sensing capabilities
and dynamics. Also, the number of robots that need to be
deployed over the regions of interest is decided based on
the number of importance functions and their associated
degree of importance. Robots can compute their Voronoi

cells relying on a distributed communication algorithm with
their neighbor robots. The proposed approach is an attempt
to modify and improve existing methods in a way that several
groups of heterogeneous robots can divide the region among
themselves based on their capabilities.
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