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Output-feedback sampled-data control design for linear parameter-varying systems with delay
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In this paper, we address the sampled-data output-feedback control design problem for continuous-time linear parameter-
varying systems with time-varying delay in the system states. Due to the combination of the plant’s continuous-time dynamics
and the controller’s discrete-time dynamics connected through A/D and D/A converter devices, the closed-loop system is a
hybrid system. In order to analyse this hybrid system from stability and performance perspectives we use the input-delay
approach to map the closed-loop system into the continuous-time domain with delay in the states. This results in a closed-
loop system containing two types of delays, the system internal delay and the one imposed by the mapping. Next, we
use delay-dependent conditions for analysis of stability and H∞-norm performance which result in a sampled-data control
synthesis procedure. The proposed output-feedback sampled-data controller is obtained based on the solution to a linear
matrix inequality optimisation problem using a set of appropriately defined slack variables. A numerical example of a milling
machine is presented to demonstrate the viability of the proposed sampled-data control design method to satisfy the stability
and performance objectives even with a varying sampling rate.
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1. Introduction

The majority of physical systems function in continuous-
time and significant amount of effort has been dedicated
to the design of controllers for such systems. The imple-
mentation of a controller is often fulfilled by means of a
digital instrument operating in discrete time. The notion
of the sampled-data system points out to the incorporation
of continuous-time and discrete-time signals in a system.
In a sampled-data control system, an analog to digital
(A/D) device followed by a digital controller and a digital
to analog (D/A) device along with the continuous-time
plant, form the closed-loop system. The corresponding
sampled-data controller design problem seeks to find
a discrete-time controller that guarantees closed-loop
stability and performance for the continuous-time plant.
The sampled-data control problem is more challenging
for time-varying and nonlinear systems compared to
the linear time invariant case. In this study we focus on
linear parameter-varying (LPV) systems. LPV systems
include a class of linear systems, whose dynamics de-
pends on time-varying parameters, known as scheduling
variables. The development of LPV system theory has
led to significant advances in the study of time-varying
and nonlinear systems (Rugh & Shamma, 2000). For a
comprehensive study on LPV systems and applications,
see Mohammadpour and Scherer (2012).
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Digital control of analog systems yields a closed-loop
system with hybrid configuration that is difficult to han-
dle mathematically. A particular difficulty that has been
the main concern of researchers in this area is to ensure
that the digital controller meets the design specifications in
between the samples. A general approach to address this
is to first discretise the plant, then design a discrete-time
controller and finally cascade the digitally designed con-
troller with the plant using the converter interfaces. It has
been shown that this simple approach, categorised as indi-
rect design, guarantees stability and desired performance of
inter-samples in the case of step inputs but not in general for
other inputs (Chen & Francis, 1995). As an alternative indi-
rect method, one may begin by designing a continuous-time
controller and then try to find a discrete-time representa-
tion by means of a conventional discretisation method. In
Apkarian (1997), the discretisation of an LPV continuous-
time controller is discussed. For a survey on discretisation
methods of LPV systems, as well as the corresponding ap-
proximation error, refer to Tóth, Heuberger, and Van den
Hof (2010). This approach benefits from the fact that the
control design in continuous-time domain is well estab-
lished and easier to do. In addition, as opposed to the for-
mer method, the sampling frequency does not influence
the design until the last step where the controller is dis-
cretised. Thus the need for redesigning the controller for
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different sampling rates is avoided. But since this method
disregards the effect of sample and hold devices in the de-
sign process, increasing the sampling period degrades the
effectiveness of the control action that may result in insta-
bility of the closed-loop system. In contrast, the objective of
the so-called direct sampled-data design is to guarantee the
stability and performance of the closed-loop system. One
well-established approach for direct sampled-data control
is the lifting method presented by Bamieh and Pearson Jr
(1992). This approach addresses the sampled-data prob-
lem in terms of an equivalent discrete-time system, where
the plant is first augmented by the converter devices and
then lifted to a system with a finite-dimensional state-space
but infinite-dimensional input and output spaces. Using the
lifting technique, the authors in Tan, Grigoriadis, and Wu
(2002) addressed the problem of sampled-data control de-
sign for LPV systems. Unfortunately, the lifting method is
computationally complex because it requires the evaluation
of some operators of the lifted system (Suplin, Fridman,
& Shaked, 2007). An alternative direct method known as
input delay (Fridman, Seuret, & Richard, 2004; Fridman,
Shaked, & Suplin, 2005; Mikheev, Sobolev, & Fridman,
1988; Suplin et al., 2007) copes with the hybrid nature of
sampled-data control systems by reformulating the digital
control law as a delayed continuous-time system, i.e.,

u(tk) = u(t − (t − tk)) = u(t − τk(t)), (1)

for tk ≤ t < tk + 1, where tk (k = 0, 1, 2, . . .) sig-
nifies the sampling instant and τ k(t) = t − tk denotes
a time-varying delay. By taking advantage of this idea,
the closed-loop system is mapped to the continuous-
time domain containing a delay in the states. Utilis-
ing the input-delay method converts a discretised finite-
dimensional system into an infinite-dimensional one that
requires a set of new design tools to overcome the imposed
delay.

The literature on stability analysis and controller syn-
thesis of time-delay systems is rich (see Gu, Kharitonov,
& Chen, 2003; Richard, 2003 and numerous references
therein). The analysis and control synthesis of LPV sys-
tems with time delay also has been of interest to many
researchers in controls community in the past decade (see,
e.g., Briat, Sename, & Lafay, 2009; Wu & Grigoriadis,
2001; Zhang & Grigoriadis, 2005). A slightly different ap-
proach for sampled-data control design is possible with the
use of impulsive system approach. The notion of impulsive
systems refers to the systems that exhibit discontinuity or
jump in their state trajectory, as is the case in sampled-data
control problems due to the update of control commands at
discrete time instants (Yang, 2001). This approach mainly
employs Lyapunov functions and functionals with discon-
tinuity at impulse times (Naghshtabrizi, Hespanha, & Teel,
2008). It has been recently used for robust sampled-data
control of uncertain systems (Briat & Seuret, 2012). In Liu

and Fridman (2012), discontinuous Lyapunov functionals
are proposed for the purpose of sampled-data control design
in the presence of constant input delay.

The contribution of the present paper is as following.
We propose a method for the design of sampled-data output-
feedback controllers for LPV systems with state delay.
The proposed design guarantees asymptotic stability and
a specified level of H∞-gain performance on the closed-
loop hybrid system. The formulation can address variable
sampling rate cases that often appear in engineering ap-
plications, such as automotive engines and manufacturing
processes with event-based coupling. The main results of
this paper are inspired by those employing the input-delay
method for sampled-data control design proposed by Frid-
man et al. (2005) and Zope, Mohammadpour, Grigoriadis,
and Franchek (2012) for continuous-time controller syn-
thesis of state-delayed LPV systems. In particular, we use a
parameter-dependent Lyapunov–Krasovskii functional that
results in a delay-dependent synthesis method to handle
fast-varying time delay. To ensure that the solution to the
synthesis problem is in the form of a linear matrix inequal-
ity (LMI) optimisation problem, we introduce appropriate
slack variables to relax the resulting condition in the form of
an LMI problem. A reduced version of this paper address-
ing state-feedback control design for LPV systems without
and with delay has appeared recently in Ramezanifar, Mo-
hammadpour, and Grigoriadis (2012, 2013).

The notation used in this paper is standard. Rn and R
k×m

are used to denote the set of real vectors of dimension n and
the set of real k × m matrices, respectively. In addition,
S

n×n
++ denotes the set of real symmetric positive definite

n × n matrices. In a symmetric matrix, the star � in the
(i, j) element denotes transpose of (j, i) element. Finally,
the L2-norm of a vector valued function f(t) is defined as

‖f ‖L2 = {∫ ∞
0 f T (t)f (t)dt

}1/2
, which is indeed the energy

of the signal f(t).
The paper is organised as follows. Section 2 presents

the problem statement and describes some lemmas used
throughout the paper. In Section 3 we discuss the stability
and performance analysis of LPV systems with state delay.
Section 4 is devoted to derive an LMI-based condition for
the sampled-data control synthesis. Section 5 describes the
implementation aspects of the proposed design. Section 6
illustrates the capability of the proposed design method
using a numerical example. The concluding remarks and
future work are made in Section 7.

2. Preliminaries and problem statement

We consider the following state-space representation for a
time-delayed LPV system

ẋ(t) = A(ρ(t))x(t) + Ah(ρ(t))x(t − h(ρ(t)))

+B1(ρ(t))w(t) + B2(ρ(t))u(t)
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z(t) = C1(ρ(t))x(t) + C1h(ρ(t))x(t − h(ρ(t)))

+D11(ρ(t))w(t) + D12(ρ(t))u(t)

y(t) = C2(ρ(t))x(t)

x(θ ) = φ(θ ) ∀t ∈ [−hm 0], (2)

where x(t) ∈ R
n is the state vector, z(t) ∈ R

nz is the vec-
tor of controlled outputs, w(t) ∈ R

nw is exogenous distur-
bance vector containing process noise with finite energy,
y(t) ∈ R

ny is the measurement output signal and u(t) ∈ R
nu

is the control input vector. The system matrices A(·), Ah(·),
B1(·), B2(·), C1(·), C1h(·), D11(·), D12(·) and C2(·) are real
continuous functions of a time-varying parameter vector
ρ(t) and of appropriate dimensions. In the model (2), h(·)
is a differentiable scalar function denoting the parameter-
dependent time delay that satisfies 0 ≤ h(·) ≤ hm. Starting
from t = 0, the initial condition φ(·) determines the integral
solution of Equation (2) uniquely. It is noted that in Equa-
tion (2), we assume that there is no feed through matrix
D21 influencing the measurement signal y(t) in order for the
sampling operator to be well defined (Bamieh & Pearson Jr,
1992). This is not, however, a restrictive assumption since
for D21 	= 0 one may cascade y(t) with a strictly proper fil-
ter and convert the state-space representation into Equation
(2). It is assumed that the vector of parameters is bounded
piecewise-constant as will be described later. In the present
paper, we are interested in designing a sampled-data output-
feedback controller that uses the discrete samples of the
system measurement signal as input and provides control
input to the plant by holding the controller’s discrete out-
put. To this aim, we consider an nth-order discrete-time
parameter-varying controller K represented by the follow-
ing state-space description

xd (k + 1) = Ad (ρ(k))xd (k) +
N∑

i=1

Ai(ρ(k))xd (k − i)

+Bd (ρ(k))y(k)

ud (k) = Cd (ρ(k))xd (k) +
N∑

i=1

Ci(ρ(k))xd (k − i)

+Dd (ρ(k))y(k), (3)

where xd(k), y(k) and ud(k) represent the discrete-time con-
troller state vector, the discrete samples of measurement
data, i.e., y(k) = y(tk) and the discrete control input, re-
spectively, and N is the number of back samples of the
controller state vector. In other words, the controller has
delay in its dynamics. In this study we assume a potentially
variable sampling scenario, where the time intervals [0, t1),
[t1, t2), . . ., [tk, tk + 1), . . . are not necessarily equi-spaced
with tk’s being the sampling instants. For the sake of brevity,
throughout this paper, k will be used to represent tk. It is
assumed that the sampling intervals are constrained to tk + 1

− tk ≤ τm for a positive scalar τm. All the system matrices

Figure 1. The block diagram of the control problem.

are defined to be of appropriate dimensions. From ud(k) we
build a continuous-time step-wise signal u(t) to be

u(t) = ud (k) tk ≤ t < tk+1.

The control design problem described above is a hybrid con-
trol problem, where the physical system has a continuous
dynamics, while the controller is implemented in a digital
computer. Shown in Figure 1 is the configuration of the
closed-loop system, the interconnection of the open-loop
continuous-time system and the discrete-time controller,
along with the signal conversion devices. In this structure,
not only the measured output signal y(t) is sampled, but
also the parameter vector ρ(t) is sampled synchronously at
tk (for k = 0, 1, 2, . . .). It is noted that, in a typical LPV
system, the parameter vector ρ(t) varies continuously and
is assumed to be measurable in real-time, i.e., the parameter
space is

Fv
P ≡ {ρ : ρ(t) ∈ C(R, R

s), ρ(t) ∈ P,

|ρ̇i(t)| ≤ vi i = 1, 2, . . . , s ∀t ∈ R+}, (4)

where C(R, R
s) is the set of continuous-time functions

from R to R
s , P is a compact set of R

s and {vi}si=1 are
nonnegative numbers. However, according to the configu-
ration in Figure 1, in the current study we can measure it
only at sampling instances. Therefore, we assume that in
the continuous-time system, the parameter vector does not
change in between two consecutive samples. Consequently,
the set of all admissible trajectories for the parameter vector
ρ(t) in Equation (2) is defined as

Ev
P ≡ {ρ : ρ(t) ∈ P, ρ(tk + t) = ρ(tk),

|ρi(tk+1) − ρi(tk)| ≤ vi, k ∈ Z
+,

i = 1, 2, . . . , s ∀t ∈ [0, τk)}. (5)

Although this assumption seems to be restrictive, but it
happens in many practical systems where during the sam-
pling instances, the change of parameters is insignificant
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and without loss of generality could be neglected. Intercon-
necting the plant (2), the controller (3) and the converter
devices, a closed-loop system Twz is configured that relates
the disturbance signal w(t) to the controlled signal z(t). For
this closed-loop system, the induced L2-norm (H∞-norm)
is defined as

‖Twz‖i,2 = sup
ρ∈Ev

P

sup
w∈L2−{0}

‖z‖L2

‖w‖L2

. (6)

This quantity also known as energy-to-energy gain of the
closed-loop system, indicates the worst case output energy
‖z‖L2 over all bounded energy disturbances ‖w‖L2 over
all admissible parameter vectors ρ(t) ∈ Ev

P . In this paper,
we aim to design the controller K so that the following
conditions are satisfied

• The closed-loop system is asymptotically stable, and
• The energy-to-energy gain of the closed-loop system

is minimised, i.e.,

min
K

‖Twz‖i,2. (7)

Instead of the optimal design problem (7), one can solve
the γ -suboptimal energy-to-energy gain in which a con-
troller K is sought such that

‖Twz‖i,2 < γ, (8)

where γ is a given positive scalar. If the inequality (8)
holds true, then the output signal energy will be bounded
by γ ‖w‖L2 for any nonzero disturbance w(t) with bounded
energy.

We start with a continuous-time controller described in
state-space by

ẋK (t) = AK (ρ(tk))xK (t) + AKh(ρ(tk))xK (t − h(ρ(tk)))

+AKτ (ρ(tk))xK (tk) + BK (ρ(tk))y(tk)

uK (tk) = CK (ρ(tk))xK (tk) + DK (ρ(tk))y(tk)

u(t) = uK (tk) tk ≤ t < tk+1. (9)

After designing the controller matrices associated with this
model, we will find an equivalent discrete model such that
it nearly produces the output as Equation (9). It is remarked,
in contrast to the conventional methods where a continuous-
time controller is discretised without taking the converter
devices into account, in Equation (9) the influence of sam-
pling and holding devices is taken into consideration. For
the simplicity of further derivations, in the controller above,
we replace ρ(tk) with ρ(t) which is correct for tk ≤ t < tk + 1,
due to the parameter space (5) assumption, i.e.,

ẋK (t) = AK (ρ(t))xK (t) + AKh(ρ(t))xK (t − h(ρ(t)))

+AKτ (ρ(t))xK (tk) + BK (ρ(t))y(tk)

uK (tk) = CK (ρ(t))xK (tk) + DK (ρ(t))y(tk)

u(t) = uK (tk) tk ≤ t < tk+1. (10)

Due to the presence of discrete-time terms in Equation
(10), it is impossible to augment the controller with the
analog plant (2) and get a unified state-space representation.
Thus, the input-delay approach introduced in Equation (1) is
employed to map this model to the continues-time domain.
Replacing for y(tk) from Equation (2) and using the input-
delay method for the term xK(tk), we rewrite the controller
(10) to be

ẋK (t) = AK (ρ(t))xK (t) + AKh(ρ(t))xK (t − h(ρ(t)))

+AKτ (ρ(t))xK (t − τk)

+BK (ρ(t))C2(ρ(t))x(t − τk)

u(t) = CK (ρ(t))xK (t − τk) + DK (ρ(t))C2(ρ(t)x(t − τk).

(11)

It is also stressed that from τ k = t − tk (for tk ≤ t < tk + 1),
we have τ k ≤ tk + 1 − tk ≤ τm, where τm is defined to be the
maximum sampling interval. Now we augment the plant
(2) with the controller (11) to obtain the corresponding
closed-loop system. Defining

x̄(t) =
[

x(t)
xK (t)

]
,

then

˙̄x(t) = Āx̄(t) + Āhx̄(t − h) + Āτ x̄(t − τk) + B̄w(t)

z(t) = C̄x̄(t) + C̄hx̄(t − h) + C̄τ x̄(t − τk) + D11w(t),

(12)

where

Ā =
[

A 0
0 AK

]
, Āh =

[
Ah 0
0 AKh

]
,

Āτ =
[

B2DKC2 B2CK

BKC2 AKτ

]
, B̄ =

[
B1

0

]
,

C̄ = [ C1 0 ], C̄h = [ C1h 0 ],

C̄τ = [ D12DKC2 D12CK ], (13)

where for the sake of simplicity, the dependency of the
matrices on the LPV parameter vector is dropped. In sum-
mary, the interconnection of the open-loop system (2) and
the controller (11) is represented as a continuous-time LPV
system that includes two delay terms, one due to the inher-
ent system delay and the other as a result of the input-delay
method. It is noticed that, if the measurement signal y(t)
in Equation (2) had included delayed states or external in-
puts, some extra delay terms would have appeared in the
closed-loop system representation (12). The results of the
present study can be extended to address these cases as
well. It is also noted that in Equation (10), the two terms
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AKh(ρ(t))xK(t − h(ρ(t))) and AKτ (ρ(t))xK(tk) are added in-
tentionally. These terms prevent Āh and Āτ in Equation
(12) from being diagonally zero which is necessary for our
optimisation program in the future. Next, we provide some
useful lemmas that will play a key role in the proofs of the
main results of the paper.

Lemma 2.1 (Cauchy–Schwarz inequality (Zhang,
Tsiotras, & Knospe, 2002)): For any positive definite matrix
P and any v(α) ∈ R

n, the following inequality holds

h

∫ t

t−h

v(α)T P v(α)dα ≥
[∫ t

t−h

v(α)dα

]T

P

[∫ t

t−h

v(α)dα

]
.

Lemma 2.2 (Projection lemma (Skelton, Iwasaki, &
Grigoriadis, 1998)): Given a symmetric matrix 	 ∈ R

m×m

and two matrices 
 and � of appropriate dimensions, the
LMI

	 + 
T �T � + �T �
 < 0 (14)

is feasible in matrix � if and only if the following two
inequality conditions hold

N T

 	N
 < 0 (15)

and

N T
� 	N� < 0, (16)

where N
 and N� are any basis of the null-space of 
 and
�. For a matrix � ∈ R

n×m with rank r, N� ∈ R
m×(n−r) and

satisfies the two conditions �N� = 0 and N T
� N� > 0.

3. Stability and performance analysis of time-delay
LPV systems

In this section, we present stability and H∞-norm per-
formance analysis conditions for time-delay LPV systems
(12).

3.1 Stability analysis

We first consider the following unforced LPV system ob-
tained from Equation (12)

˙̄x(t) = Ā(ρ(t))x̄(t) + Āh(ρ(t))x̄(t − h)

+ Āτ (ρ(t))x̄(t − τk). (17)

Lyapunov–Krasovskii stability theory serves as a useful
tool to obtain delay-dependent conditions for the stabil-
ity analysis of the system represented by Equation (17).
To this aim, we need to find a positive definite functional
with an infinitesimal upper bound, whose time derivative is
negative. The interested reader is referred to Zhang et al.
(2002), Gu et al. (2003) for an extensive review of the
theory and the Lyapunov–Krasovskii functional selection.
The following result presents a sufficient condition to en-
sure asymptotic stability of the LPV system represented by
Equation (17).

Theorem 3.1: The time-delay LPV system (17) is asymp-
totically stable for all 0 < h(·) ≤ hm with τ k(t) ≤ τm and
τ̇k = 1, if there exist matrices P,Qh,Rh, Rτ ∈ S

2n×2n
++ such

that for all ρ(t) ∈ Ev
P , there exists a feasible solution to the

following matrix inequality condition

⎡
⎢⎢⎢⎢⎣

1,1 PĀh + Rh P Āτ + Rτ hmĀT Rh τmĀT Rτ

� −(1 − ḣ)Qh − Rh 0 hmĀT
h Rh τmĀT

h Rτ

� � −Rτ hmĀT
τ Rh τmĀT

τ Rτ

� � � −Rh 0
� � � � −Rτ

⎤
⎥⎥⎥⎥⎦ < 0, (18)

with 1,1 = ĀT P + PĀ + Qh − Rh − Rτ .

Proof: We consider the following Lyapunov–Krasovskii
functional

V (x̄, x̄t , ρ) = V1(x̄, ρ) + Vh(x̄t , ρ) + Vτ (x̄t , ρ), (19)

with

V1(x̄, ρ) = x̄T (t)P x̄(t)

Vh(x̄t , ρ) =
∫ t

t−h(t)
x̄T (ξ )Qhx̄(ξ )dξ

+
∫ 0

−hm

∫ t

t+θ

˙̄x
T

(ξ )hmRh
˙̄x(ξ ) dξdθ

Vτ (x̄t , ρ) =
∫ 0

−τm

∫ t

t+θ

˙̄x
T

(ξ )τmRτ
˙̄x(ξ ) dξdθ,

where x̄t (θ ) denotes x̄(t + θ ) for θ ∈ [−hm, 0] or θ ∈ [−τm,
0]. It is noted that Equation (19) is chosen to be dependent
on the maximum value of delays to result in less conserva-
tive stability conditions. In order for the system (17) to be
asymptotically stable, it suffices that the time derivative of
Equation (19) along the system trajectory (17) is negative
definite. We have

V̇1(x̄, ρ) = ˙̄x
T
P x̄ + x̄T P ˙̄x

and

V̇h = x̄T (t)Qhx̄(t) − (1 − ḣ(t))x̄T (t − h)Qhx̄(t − h)

+h2
m

˙̄x
T

(t)Rh
˙̄x(t) −

∫ t

t−hm

˙̄x
T

(θ )hmRh
˙̄x(θ )dθ. (20)
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Since h(t) ≤ hm, the integral term in Equation (20) satisfies

−
∫ t

t−hm

˙̄x
T

(θ )hmRh
˙̄x(θ ) dθ ≤ −

∫ t

t−h(t)

˙̄x
T

(θ )hmRh
˙̄x(θ )dθ.

Employing Lemma 2.1, we can bound the right-hand side
of the above inequality by

− 1

h(t)

(∫ t

t−h(t)

˙̄x
T

(θ ) dθ

)T

hmRh

(∫ t

t−h(t)

˙̄x
T

(θ ) dθ

)

= − hm

h(t)
[x̄(t) − x̄(t − h)]T Rh [x̄(t) − x̄(t − h)]

≤ − [x̄(t) − x̄(t − h)]T Rh [x̄(t) − x̄(t − h)]

as a result of the fact that − hm

h(t) ≤ −1. Thus

V̇h ≤ x̄T Qhx̄ − (1 − ḣ)x̄T (t − h)Qhx̄(t − h) + h2
m

˙̄x
T
Rh

˙̄x

− [x̄(t) − x̄(t − h)]T Rh [x̄(t) − x̄(t − h)] .

Similarly for Vτ , we obtain

V̇τ ≤ τ 2
m

˙̄x
T
Rτ

˙̄x − [x̄(t) − x̄(t − τ )]T Rτ [x̄(t) − x̄(t − τ )] .

Substituting in Equation (19) for V̇1, V̇h and V̇τ , we obtain

V̇ (x̄t , ρ) ≤ ˙̄x
T
P x̄ + x̄T P ˙̄x + x̄T Qhx̄

−(1 − ḣ)x̄T (t − h)Qhx̄(t − h) + h2
m

˙̄x
T
Rh

˙̄x

− [x̄(t) − x̄(t − h)]T Rh [x̄(t) − x̄(t − h)]

+ τ 2
m

˙̄x
T
Rτ

˙̄x − [x̄(t) − x̄(t − τ )]T

×Rτ [x̄(t) − x̄(t − τ )] . (21)

Up to this point, we have found an inequality representing
the stability condition. To derive an inequality condition
in a matrix form, we replace for ˙̄x in Equation (21) from
Equation (17) and gather the relevant terms as follows:

V̇ (x̄t , ρ) ≤
⎡
⎣ x̄(t)

x̄(t − h)
x̄(t − τk)

⎤
⎦T

⎛
⎜⎝X +

⎡
⎣ ĀT

ĀT
h

ĀT
τ

⎤
⎦h2

mRh

⎡
⎣ ĀT

ĀT
h

ĀT
τ

⎤
⎦T

+
⎡
⎣ ĀT

ĀT
h

ĀT
τ

⎤
⎦τ 2

mRτ

⎡
⎣ ĀT

ĀT
h

ĀT
τ

⎤
⎦T

⎞
⎟⎠

⎡
⎣ x̄(t)

x̄(t − h)
x̄(t − τk)

⎤
⎦

=
⎡
⎣ x̄(t)

x̄(t − h)
x̄(t − τk)

⎤
⎦T ⎛

⎝X +
⎡
⎣hmĀT Rh

hmĀT
h Rh

hmĀT
τ Rh

⎤
⎦

× R−1
h

⎡
⎣hmĀT Rh

hmĀT
h Rh

hmĀT
τ Rh

⎤
⎦T

+
⎡
⎣ τmĀT Rτ

τmĀT
h Rτ

τmĀT
τ Rτ

⎤
⎦

× R−1
τ

⎡
⎣ τmĀT Rτ

τmĀT
h Rτ

τmĀT
τ Rτ

⎤
⎦T

⎞
⎟⎠

⎡
⎣ x̄(t)

x̄(t − h)
x̄(t − τk)

⎤
⎦, (22)

where

X =
⎡
⎣1,1 PĀh + Rh P Āτ + Rτ

� −(1 − ḣ)Qh − Rh 0
� � −Rτ

⎤
⎦,

with 1, 1 as defined before. To ensure that V̇ (xt , ρ) < 0
using Equation (22), it is sufficient that

X −
⎡
⎣hmĀT Rh

hmĀT
h Rh

hmĀT
τ Rh

⎤
⎦(−R−1

h )

⎡
⎣hmĀT Rh

hmĀT
h Rh

hmĀT
τ Rh

⎤
⎦T

−
⎡
⎣ τmĀT Rτ

τmĀT
h Rτ

τmĀT
τ Rτ

⎤
⎦(−R−1

τ )

⎡
⎣ τmĀT Rτ

τmĀT
h Rτ

τmĀT
τ Rτ

⎤
⎦T

< 0.

Finally, applying Schur complement to the above inequal-
ity condition twice results in the condition (18), and this
completes the proof. It is noted that the feasibility of the
condition (18) in Theorem 3.1 is not affected by the small
size of hm due to the way it appears there.

Remark 1: In the time-delay systems analysis methods in
literature, it is often required that the time delay h varies
slowly with ḣ < 1 since the rate of delay shows up as
−1 + ḣ on the main diagonal of the LMI conditions (e.g.,
see Wu & Grigoriadis, 2001). Hence, if ḣ ≥ 1, the negative
definiteness of the LMI conditions is violated. One may no-
tice from element (2,2) in Equation (18) that no restriction
on ḣ needs to be imposed due to the location it appears. In
addition, in the sampled-data control method proposed in
this study, τ k(t) = t − tk, and hence τ̇k = 1, which cannot be
handled by methods developed in the literature for slowly
varying time delays.

3.2 Performance analysis

Next, we consider the state-space model (12) and derive the
corresponding H∞-norm performance analysis conditions.
The derived condition, which is in the form of a matrix
inequality, will be used in the next section for sampled-data
control design purposes.

Theorem 3.2: The LPV system represented by Equation
(12) is asymptotically stable and the condition ‖z‖L2 ≤
γ ‖w‖L2 is satisfied for all 0 < h(·) ≤ hm with τ k(t) ≤
τm, τ̇k = 1 and zero initial condition if there exist matrices
P,Qh,Rh, Rτ ∈ S

2n×2n
++ and a positive scalar γ such that

for any admissible parameter trajectory ρ(t) ∈ Ev
P , follow-
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ing matrix inequality condition holds true

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1,1 PĀh + Rh P Āτ + Rτ P B̄ C̄T hmĀT Rh τmĀT Rτ

� 2,2 0 0 C̄T
h hmĀT

h Rh τmĀT
h Rτ

� � −Rτ 0 C̄T
τ hmĀT

τ Rh τmĀT
τ Rτ

� � � −γ I DT
11 hmB̄T Rh τmB̄T Rτ

� � � � −γ I 0 0
� � � � � −Rh 0
� � � � � � −Rτ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0, (23)

where 1,1 = ĀT P + PĀ + Qh − Rh − Rτ and 2,2 =
−(1 − ḣ)Qh − Rh.

Proof: We first consider a Lyapunov–Krasovskii func-
tional similar to the one introduced in Theorem 3.1. Next,
we apply the congruent transformation T to matrix inequal-
ity (23), where

T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

I 0 0 0 0 0 0
0 I 0 0 0 0 0
0 0 I 0 0 0 0
0 0 0 0 0 I 0
0 0 0 0 0 0 I

0 0 0 I 0 0 0
0 0 0 0 I 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

In the obtained inequality, it can be observed that the
negative definiteness of the upper left 4 × 4 block matrix,
in light of Theorem 3.1, concludes the asymptotical stability
of the system (12). Applying Schur complement to Equation
(23) three times results in

⎡
⎢⎢⎣

1,1 PĀh + Rh P Āτ + Rτ P B̄

� 2,2 0 0
� � −Rτ 0
� � � −γ I

⎤
⎥⎥⎦

+

⎡
⎢⎢⎣

C̄T

C̄T
h

C̄T
τ

DT
11

⎤
⎥⎥⎦γ −1

⎡
⎢⎢⎣

C̄T

C̄T
h

C̄T
τ

DT
11

⎤
⎥⎥⎦

T

+

⎡
⎢⎢⎣

ĀT

ĀT
h

ĀT
τ

B̄T

⎤
⎥⎥⎦h2

mRh

⎡
⎢⎢⎣

ĀT

ĀT
h

ĀT
τ

B̄T

⎤
⎥⎥⎦

T

+

⎡
⎢⎢⎣

ĀT

ĀT
h

ĀT
τ

B̄T

⎤
⎥⎥⎦τ 2

mRτ

⎡
⎢⎢⎣

ĀT

ĀT
h

ĀT
τ

B̄T

⎤
⎥⎥⎦

T

< 0.

Multiplying the above inequality from left and right by ζ T(t)
and ζ (t), respectively, where

ζ (t) = [x̄T (t) x̄T (t − h) x̄T (t − τk) wT (t)]T ,

and with further algebraic manipulations, we obtain

˙̄x
T
P x̄ + x̄T P ˙̄x

+ x̄T Qhx̄ − (1 − ḣ)x̄T (t − h)Qhx̄(t − h)

+h2
m

˙̄x
T
Rh

˙̄x − [x̄(t) − x̄(t − h)]T Rh [x̄(t) − x̄(t − h)]

+ τ 2
m

˙̄x
T
Rτ

˙̄x − [x̄(t) − x̄(t − τk)]T Rτ [x̄(t) − x̄(t − τk)]

− γwT (t)w(t) + 1

γ
zT (t)z(t) < 0,

and using Equation (21), we have

V̇ (x̄t , ρ) − γwT (t)w(t) + 1

γ
zT (t)z(t) < 0. (24)

Integrating both sides of the inequality (24) from 0 to ∞
and using V|t = 0 = V|t = ∞ = 0 (due to the asymptotical
stability and zero initial condition), we arrive at

‖z‖L2 ≤ γ ‖w‖L2 ,

and this completes the proof. �

3.3 LMI relaxation using slack variables

In the design of the sampled-data controller, the goal is to es-
tablish a synthesis condition to ensure that the closed-loop
system described by Equation (12) is stable and satisfies
a prescribed level of H∞ performance. To this purpose,
the corresponding system matrices (13) are substituted in
matrix inequality (23); this, however, results in a bilinear
matrix inequality problem due to the byproduct of the con-
troller matrices with the unknown matrix function P and
the matrices Rm and Rτ . Therefore, we will seek an alter-
native method based on the introduction of slack variables
to reformulate the corresponding problem to ensure that an
LMI condition is achieved. The following lemma inspired
from Zope et al. (2012) provides an alternative way to solve
the matrix inequality (23).

Lemma 3.3: The LPV system represented by Equation
(12) is asymptotically stable for all 0 < h(·) ≤ hm and
τk(t) ≤ τm, τ̇ = 1 and satisfies ‖z‖L2 ≤ γ ‖w‖L2 if there ex-
ist P,Qh,Rh, Rτ ∈ S

2n×2n
++ , parameter-dependent matrices

V1, V2, V3, V4 : R
s → S

2n×2n
++ and a positive scalar γ such
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that for any admissible parameter trajectory ρ(t) ∈ Ev
P , fol-

lowing matrix inequality holds true

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−V1 − V T
1 P − V T

2 + V1Ā −V T
3 + V1Āh −V T

4 + V1Āτ V1B̄ 0 hmRh τm

� 2,2 Rh + ĀT V T
3 + V2Āh Rτ + ĀT V T

4 + V2Āτ V2B̄ C̄T 0 0
� � −(1 − ḣ)Qh − Rh + ĀT

h V T
3 + V3Āh ĀT

h V T
4 + V3Āτ V3B̄ C̄T

h 0 0
� � � −Rτ + ĀT

τ V T
4 + V4Āτ V4B̄ C̄T

τ 0 0
� � � � −γ I DT

11 0 0
� � � � � −γ I 0 0
� � � � � � −Rh 0
� � � � � � � −Rτ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0,

(25)

where 2,2 = Qh − Rh − Rτ + ĀT V T
2 + V2Ā.

Proof: We rewrite Equation (25) as 	 + 
T�T� +
�T�
 < 0 with

	 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 P 0 0 0 0 hmRh τmRτ

� �2,2 Rh Rτ 0 C̄T 0 0
� � �3,3 0 0 C̄T

h 0 0
� � � −Rτ 0 C̄T

τ 0 0
� � � � −γ I DT

11 0 0
� � � � � −γ I 0 0
� � � � � � −Rh 0
� � � � � � 0 −Rτ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(26)

where

�2,2 = Qh − Rh − Rτ ,

�3,3 = −(1 − ḣ)Qh − Rh,

and


 = [ −I Ā Āh Āτ B̄ 0 0 0 ],

� =

⎡
⎢⎢⎣

I 0 0 0 0 0 0 0
0 I 0 0 0 0 0 0
0 0 I 0 0 0 0 0
0 0 0 I 0 0 0 0

⎤
⎥⎥⎦

and

� =

⎡
⎢⎢⎣

V1

V2

V3

V4

⎤
⎥⎥⎦. (27)

The matrix variables Vi (i = 1, . . ., 4) are called slack
variables (Tuan, Apkarian, & Nguyen, 2001). Next, we use

Lemma 2.2 by finding the bases for the null space of 
 and
� as

N
 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ā Āh Āτ B̄ 0 0 0
I 0 0 0 0 0 0
0 I 0 0 0 0 0
0 0 I 0 0 0 0
0 0 0 I 0 0 0
0 0 0 0 I 0 0
0 0 0 0 0 I 0
0 0 0 0 0 0 I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

N� =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Using the solvability condition (15) results in the LMI con-
dition (23) through some algebraic manipulations. On the
other hand, the second solvability condition, i.e., Equation
(16), leads to the following LMI:

⎡
⎢⎢⎣

−γ I DT
11 0 0

� −γ I 0 0
� � −Rh 0
� � � −Rτ

⎤
⎥⎥⎦ < 0, (28)

which is part of the LMI (25) and is always satisfied as long
as Equation (25) holds true. In summary, feasibility of the
LMI condition (25) ensures that the LMI problem (23) is
feasible and hence the proof of Lemma 3.3 is complete. Not
requiring to solve the LMI (28) is a significant advantage of
the proposed method compared to the ones in Briat (2008),
Briat, Sename, and Lafay (2010), wherein the counterpart
of LMI (28) is added as an additional constraint to the group
of LMIs that need to be solved.

Remark 2: The choice of slack variables as Equation (27)
is crucial. Selecting less slack variables is also possible but
results in lower degrees of freedom and thus more con-
servative results. On the other hand, stacking more slack
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variables in Equation (27) could result in an LMI problem
(instead of Equation (28)) that is not necessarily trivial and
can add to the design complexity.

4. Sampled-data controller design

In this section, we employ the H∞-norm performance
analysis conditions to develop LMI-based condition for
sampled-data control design. In order to find the controller
matrices, we employ Lemma 3.3 for the closed-loop system
(12). In the matrix inequality (25), we substitute the closed-
loop matrices Ā, Āh, Āτ , B̄, C̄, C̄h and C̄τ from Equation
(13) and select the four slack variables to be V1 = V, V2 =
λ2V, V3 = λ3V and V4 = λ4V for given scalar values λ1, λ2,
λ3 and λ4. Next, we partition V into

V =
[

X N

NT E

]
. (29)

We then define

V −1 =
[

Y M

MT F

]
, (30)

where N(ρ), M(ρ) : R
s → R

n×n and X(ρ), Y(ρ), E(ρ),
F (ρ) : R

s → S
n×n
++ . Equations (29) and (30) together im-

pose a set of constraints as

XY + NMT = I,

YN + ME = 0.

Next, we perform the congruent transformation T =
diag(ZT ,ZT , ZT , ZT , I, I, ZT , ZT ) with

Z =
[

Y I

MT 0

]
. (31)

Consequently, we have the following matrix inequality⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2Ṽ P̃ − λ2Ṽ + Ã −λ3Ṽ + Ãh −λ4Ṽ + Ãτ B̃ 0 hmR̃h τmR̃τ

� ̃2,2 R̃h + λ3Ã
T + λ2Ãh R̃τ + λ4Ã

T + λ2Ãτ λ2B̃ C̃T 0 0
� � −(1 − ḣ)Q̃h − R̃h + λ3(ÃT

h + Ãh) λ4Ã
T
h + λ3Ãτ λ3B̃ C̃T

h 0 0
� � � −R̃τ + λ4(ÃT

τ + Ãτ ) λ4B̃ C̃T
τ 0 0

� � � � −γ I DT
11 0 0

� � � � � −γ I 0 0
� � � � � � −R̃h 0
� � � � � � � −R̃τ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0, (32)

with

Ṽ = ZT V Z =
[

Y I

I X

]
,

P̃ = ZT PZ, Q̃h = ZT QhZ, R̃h = ZT RhZ, R̃τ = ZT RτZ,

̃2,2 = Q̃h − R̃h − R̃τ + λ2(ÃT + Ã), (33)

and also

Ã = ZT V ĀZ, Ãh = ZT V ĀhZ, Ãτ = ZT V ĀτZ

B̃ = ZT V B̄, C̃ = C̄Z, C̃h = C̄hZ, C̃τ = C̄τZ. (34)

Using the fact that

ZT V =
[

I 0
X N

]
,

we obtain the expression for the variables in Equation (34)
as follows:

Ã =
[

AY Y

XAY + NAkM
T XA

]
=

[
AY A

Â XA

]

Ãh =
[

AhY Y

XAhY + NAkhM
T XAh

]
=

[
AhY Ah

Âh XAh

]

Ãτ =

⎡
⎢⎣ B2(DkC2Y + CkM

T ) B2DkC2

XB2DkC2Y + NBkC2Y (XB2Dk + NBk)C2

+XB2CkM
T + NAkτM

T

⎤
⎥⎦

=
[

B2Ĉ B2DkC2

Âτ B̂C2

]

B̃ =
[

B1

XB1

]
C̃ = [ C1Y C1 ] C̃h = [ C1hY C1h ]

C̃τ = [
D12(DKC2Y + CkM

T ) D12DKC2
]

(35)

= [ D12Ĉ D12DKC2 ].

In the above, we have used the change of variables as
follows:

Â = XAY + NAKMT

Âh = XAhY + NAKhM
T

Âτ = XB2DKC2Y + NBKC2Y + XB2CKMT

+NAKτM
T

B̂ = XB2DK + NBK

Ĉ = DKC2Y + CKMT . (36)
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Thus by reversing the transformations in Equation (36), the
controller matrices are obtained as

AK = N−1(Â − XAY )M−T

AKh = N−1(Âh − XAhY )M−T

BK = N−1(B̂ − XB2DK )

CK = (Ĉ − DKC2Y )M−T

AKτ = N−1(Âτ − XB2DKC2Y − NBKC2Y (37)

−XB2CKMT )M−T .

The following theorem summarises the discussion.

Theorem 4.1: Consider the time-delay LPV sys-
tem represented by Equation (2). If there ex-
ist matrices P̃ , Q̃h, R̃h, R̃τ : R

s → S
2n×2n
++ , X, Y : R

s →
S

n×n
++ , Â, Âh, Âτ : R

s → R
n×n, B̂ : R

s → R
n×nu , Ĉ :

R
s → R

nu×n, Dk : R
s → R

nu×ny , a positive scalar γ and
real scalars λ2, λ3 and λ4 such that for all admissible pa-
rameters ρ(t) ∈ Ev

P , LMI condition (32) holds true, then
there exists a controller in the form of Equation (10) such
that the closed-loop system (12) is asymptotically stable
and satisfies ‖z‖L2 ≤ γ ‖w‖L2 for all 0 < h(·) ≤ hm and
τk(t) ≤ τm, τ̇k = 1. In addition, the controller matrices are
obtained as follows:

(1) Find M and N from the factorisation problem

I − XY = NMT .

(2) Find the controller matrices from Equation (37).

Remark 3: In Theorem 4.1, the LMI problem (32) is
infinite-dimensional due to the dependency of the sys-
tem matrices on LPV parameters. A standard approach
to solve this parameterised LMI problem is to initially
select some basis functions to represent the dependency
of the matrix variables on the LPV parameters and then
grid the parameter space. Finally, the obtained finite-
dimensional LMI problem is solved at the grid points
and then checked on a finer grid (Apkarian & Adams,
1998). To this aim, a certain structure may be imposed
on the decision variables. One obvious choice is to con-
sider them parameter-independent (constant). Alternatively,
a standard approach is to employ some basis functions to
represent the dependency of the LMI variables on the LPV
parameters, e.g.,

X = X0 + ρ(t)X1, (38)

and similarly for Y. Then, from Equation (33) the structure
of the variables P̃h, Q̃h, R̃h and R̃τ is determined to be
a second-order polynomial. Similarly the structure of the
variables in Equation (36) can be determined.

Remark 4: The optimal H∞ performance of the corre-
sponding formulation can be obtained by solving the LMI
optimisation problem of minimising γ subject to the con-
vex constraint (32) by fixing λ2, λ3 and λ4. In addition, a
line search may be performed to determine the maximum
value of the time-delay interval hm or maximum sampling
period τm.

5. Digital equivalence of the designed analog LPV
controller

To implement the controller (10) designed for the LPV
plant (2), we need to find its corresponding discrete-time
representation. The integral solution to the controller state-
space representation yields

xK (tk+1) = e(tk+1−tk )AK (ρ(tk ))xK (tk)

+
∫ tk+1

tk

e(tk+1−s)AK (ρ(tk ))

×AKh(ρ(tk))xK (s − h(ρ(tk)))ds

+
(∫ tk+1

tk

e(tk+1−s)AK (ρ(tk ))ds

)
AKτ (ρ(tk))xK (tk)

+
(∫ tk+1

tk

e(tk+1−s)AK (ρ(tk ))ds

)
BK (ρ(tk))y(tk)

u(tk) = CK (ρ(tk))xK (tk) + DK (ρ(tk))y(tk). (39)

Among the three integral terms above, the first, we refer
as I1, cannot be found precisely due to the fact that the
continuous state xK(t) is not available in real-time but only at
sampling instants. On the other hand, due to the assumption
(5), remaining integrals above are computed precisely. It is
evident that the value of I1 is determined by the controller
state in the range t ∈ [tk − h(ρ(tk)), tk + 1 − h(ρ(tk))] (in
short t ∈ [tk − hk, tk + 1 − hk]).

Referring to Figure 2, there are possibly N samples
associated with the controller states in the past in the afore-
mentioned span. It is noted that N = N(hk), i.e., since the
sampling frequency is not fixed, the number of samples
may change by the passage of time. However, for the sake
of simplicity, we assume the sampling rate does not change
drastically and that there is only one sample in the interval
of t ∈ [tk − hk, tk + 1 − hk]. It is noted that this assumption
implies that we need to save the previous controller states up
to a certain time depending on maximum delay hm. Before
simplifying I1, it is noted that

I1 =
∫ tk+1−hk

tk−hk

e(tk+1−hk−s)AK (ρ(tk ))AKh(ρ(tk))xK (s)ds.

(40)

In order to approximate I1, we use the method proposed in
Shieh, Wang, and Tsai (1998) as described next. Expanding



International Journal of Control 2441

Figure 2. Sampling scenario.

the integral interval and using the trapezoidal approxima-
tion, we have

I1 ≈
∫ tl+1

tk−hk

e(tk+1−hk−s)AK (ρ(tk ))

×AKh(ρ(tk))
xK (tk − hk) + xK (tl+1)

2
ds

+
∫ tk+1−hk

tl+1

e(tk+1−hk−s)AK (ρ(tk ))

×AKh(ρ(tk))
xK (tl+1) + xK (tk+1 − hk)

2
ds,

which leads to

I1 ≈ (
e(tk+1−tk )AK (ρk) − e(tk+1−hk−tl+1)AK (ρk )

)
× A−1

K (ρk)AKh(ρk)
xK (tk − hk) + xK (tl+1)

2
+ (

e(tk+1−hk−tl+1)AK (ρk) − I
)

×A−1
K (ρk)AKh(ρk)

xK (tl+1) + xK (tk+1 − hk)

2
. (41)

In Equation (41), xK(tk − hk) and xK(tk + 1 − hk) are not
known and should be estimated from the pairs {xK(tl),
xK(tl + 1)} and {xK(tl + 1), xK(tl + 2)}, respectively (see Fig-
ure 2), as follows

xK (tk − hk) ≈ xK (tl) + xK (tl+1)

2
,

xK (tk+1 − hk) ≈ xK (tl+1) + xK (tl+2)

2
,

or more accurately, using the linear interpolation

xK (tk − hk) ≈ tl+1 − (tk − hk)

tl+1 − tl︸ ︷︷ ︸
c1

xK (tl)

+ (tk − hk) − tl

tl+1 − tl︸ ︷︷ ︸
c2

xK (tl+1),

xK (tk+1 − hk) ≈ tl+2 − (tk+1 − hk)

tl+2 − tl+1︸ ︷︷ ︸
c3

xK (tl+1)

+ (tk+1 − hk) − tl+1

tl+2 − tl+1︸ ︷︷ ︸
c4

xK (tl+2). (42)

Therefore, we may find an equivalent discrete-time state-
space representation that produces the values of the con-
troller (10) approximately described by

xd (k + 1) = Ad (ρ(k))xd (k) +
l+2∑
i=l

Ai(ρ(k))xd (i)

+Bd (ρ(k))y(k)

ud (k) = Cd (ρ(k))xd (k) + Dd (ρ(k))y(k), (43)

where

Ad = e(tk+1−tk )AK (ρ(tk )) + (
e(tk+1−tk )AK (ρ(tk )) − I

)
×A−1

K (ρ(tk))AKτ (ρ(tk))

Bd = (
e(tk+1−tk )AK (ρ(tk )) − I

)
A−1

K (ρ(tk))BK (ρ(tk))

Cd = CK (ρ(tk))

Dd = DK (ρ(tk)), (44)

and

Al = c1

2

(
e(tk+1−tk )AK (ρ(tk )) − e(tk+1−hk−tl+1)AK (ρ(tk ))

)
×A−1

K (ρ(tk))AKh(ρ(tk))

Al+1 =
(

1 + c2

2
e(tk+1−tk )AK (ρ(tk ))
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−c2 − c3

2
e(tk+1−hk−tl+1)AK (ρ(tk )) − 1 + c3

2
I

)
×A−1

K (ρ(tk))AKh(ρ(tk))

Al+2 = c4

2

(
e(tk+1−hk−tl+1)AK (ρ(tk )) − I

)
A−1

K (ρ(tk))AKh(ρ(tk)).

(45)

As noted, the last stage of the proposed algorithm is to
discretise the controller. This is inevitable since the LPV
parameters are measured only at discrete instants. However,
the advantage of the proposed sampled-data control is that
the effect of sampling and holding devices is included in the
design process. The discrete-time controller (43) is finally
used in the configuration shown in Figure 1.

5.1 Summary of the sampled-data controller
design

In order to solve the sampled-data control design problem,
several intermediate steps are taken. Some of the steps are
implemented offline and some in real-time. First, LMI (32)
of Theorem 4.1 is solved. By solving this LMI problem,
the basis functions associated with LMI variables, namely
X, Y, Â, Âh, Âτ , B̂, Ĉ and DK (which could be parameter-
dependent) are determined for second stage. At each sam-
pling instant, the scheduling parameter is measured and
the aforementioned LMI variables are updated accordingly.
Employing steps 1 and 2 in Theorem 4.1, the continuous-
time controller matrices, i.e., AK, AKh, AKτ , BK, CK and
DK are determined. For implementation purpose, the dig-
ital controller (43) is to be found. This is carried out by
means of Equation (44) and the most recent samples of the
controller states within the previous hm seconds.

6. Illustrative example

As an illustrative example, we design a sampled-data con-
troller to control the chattering of a milling machine, whose
simplified mechanical model is depicted in Figure 3. The
dynamic model of this system can be formulated as an LPV
system containing a parameter-dependent time delay (Tan,
Grigoriadis, & Wu, 2003; Zhang et al., 2002; Zope et al.,
2012).

The system consists of a two-blade cutter of mass m1

and a spindle of mass m2. Also two springs with stiffness
k1 and k2 and a damping with the coefficient c are lumped
in the model. The rotation of the cutter causes the removal
of workpiece material from the surface resulting in a force
acting on the cutter denoted by f in the figure. If no con-
trol force is applied to the spindle, the machine exhibits
the chattering. To reduce the chattering during the milling
process, a force u is to be applied to the spindle dictated by
a controller. To this aim, we first derive the dynamic equa-
tion associated with the model in Figure 3. Introducing the

Figure 3. A simplified schematic of milling process.

displacement and velocity of the cutter and spindle as state
variables, the dynamic model of the system is described
by

m1ẍ1 + k1(x1 − x2) = f sin(φ + β) + w

m2ẍ2 + cẋ2 + k1(x2 − x1) + k2x2 = u, (46)

where w represents the external disturbance input. Mod-
elling the surface at the point, where the blade touches the
surface with a spring of stiffness k, the displacement of this
spring equals the difference between the tip position of the
now touching blade and that of the previous blade at that
point. Assuming that the angular velocity of the cutter ω(t)
remains constant in a rotation, the passage time between
two blades is equal to π

ω
. As a result, the corresponding

reaction force of the surface is

f = −k

[
x1(t) − x1

(
t − π

ω

)]
sin(φ).

Therefore, we can rewrite the system equations in Equation
(46) as

ẍ1 = 1

m1
[−k1 − k sin(φ) sin(φ + β)]x1

+ k1

m1
x1

(
t − π

ω

)
+ k1

m1
x2 + k1

m1
w(t)

ẍ2 = k1

m2
x1 − k1 + k2

m2
x2 − c

m2
ẋ2 + k1

m2
u. (47)

Table 1 summarises the data corresponding to this example.
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Table 1. The milling system parameters.

Parameter Value Unit

m1 1 Kg
m2 2 Kg
k1 10 N/m
k2 20 N/m
k 3 N/m
c 0.5 N/m s
β 70 Degree

The obtained model relies on two measurable parame-
ters φ and ω. First, we note that

sin(φ) sin(φ + β) = 0.5[cos(β) − cos(2φ + β)]

= 0.1710 − 0.5 cos(2φ + β).

Next, we define the scheduling parameter vector as ρ(t) =
[ρ1(t), ρ2(t)]T with ρ1(t) = cos (2φ(t) + β) and ρ2(t) =
ω(t). The rotation speed ω is assumed to vary between 200
rpm (20.94 rad/sec) and 1000 rpm (104.7 rad/sec). The
parameter space associated with the LPV parameters is as
ρ1(t) ∈ [−1 1] and ρ2(t) ∈ [20.94 104.7]. For the parameter-
dependent time delay h(t) = π /ω(t), we have

0.015 < h(t) < 0.15, |ḣ(t)| =
∣∣∣∣ − π

ω2
× ω̇

∣∣∣∣ ≤ 0.75.

Considering the state vector to be x = [x1 x2 ẋ1 ẋ2]T , the
state-space LPV representation of the system is

ẋ(t) =

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1

−10.34 + ρ1(t) 10 0 0
5 −15 0 −0.25

⎤
⎥⎥⎦x(t)

+

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0

0.34 − ρ1(t) 0 0 0
0 0 0 0

⎤
⎥⎥⎦x

(
t − π

ρ2(t)

)

+

⎡
⎢⎢⎣

0
0
1
0

⎤
⎥⎥⎦w(t) +

⎡
⎢⎢⎣

0
0
0

0.5

⎤
⎥⎥⎦u(t)

z(t) =
⎡
⎣ 1 0 0 0

0 1 0 0
0 0 0 0

⎤
⎦x(t) +

⎡
⎣ 0

0
0.1

⎤
⎦u(t)

y(t) =
[

1 0 0 0
0 1 0 0

]
x(t), (48)

where z(t) is a fictitious system output reflecting the control
design objectives. We seek for an H∞ controller to reduce
the displacement of the elements, as well as penalise large
control actions.The measurement vector y(t) includes only

Figure 4. Blade rotation speed profile (rpm).

the positions of the spindle and cutter. For effective control
of the system, the choice of sampling frequency is crucial
and is a trade-off between the quality of the closed-loop
system response and the implementation costs. Since two
blades touch the surface twice per revolution, it is quite
reasonable that the sampling frequency be at least twice in
a rotation. It is noted that since the angular velocity might
vary during the milling process, the sampling period is not
fixed and changes accordingly. In this example, we consider
two samples per revolution, i.e.,

tk+1 = tk + 1

2

2π

ω(tk)
, (49)

with t0 = 0. Considering the bounds on the time delay
in Equation (48), we have hm = 0.15 and τm = 0.15 sec
to be used in the LMI (32). In addition, we have to de-
cide on the structure of the function variables involved in
this LMI problem. The structure of the matrix functions

Figure 5. Displacement of cutter and spindle.
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Figure 6. Control effort.

is part of the design and is an ad hoc procedure. One
obvious choice is to consider constant function variables
(parameter-independent) to reduce the computational cost.
However, here the structure of LMI variables is chosen
according to the direction given in Remark 3. It is noted
that the optimal value of γ is sensitive to the value of the
scalars λ2, λ3 and λ4. These scalars can be optimised by
performing a three-dimensional search. For the milling ex-
ample, our search resulted in λ2 = 10, λ3 = 1 and λ4 = 1.
Also the obtained H∞ performance level was calculated to
be γ = 0.56.

It is assumed that the system is perturbed by a rectangu-
lar disturbance w(t) of magnitude one over the time interval
t ∈ [0, 4] and zero elsewhere. The blade rotational speed
profile is shown in Figure 4. Shown in Figure 5 is the simu-
lation result of the proposed control scheme for the milling
machine example, indicating the displacement of the cutter
x1 and that of the spindle x2 for a predefined test condi-
tion. It is apparent that the proposed controller attenuates

Figure 7. Open-loop response of the milling machine.

the disturbance successfully under the variable rotational
speed. The control effort required for this study is shown in
Figure 6, in which the different lengths of sampling periods
is a result of using Equation (49). Finally, for comparison,
we examine the open-loop response of the milling machine,
while no control commands exist. It is assumed that the sys-
tem is perturbed by the same disturbance signal as in the
previous simulation. Figure 7 shows the displacement of
the masses that demonstrate the long time it takes for them
to vanish. This justifies the use of a controller to eliminate
the fluctuations and reduce the settling time.

7. Conclusion and future work

In this paper, we employ the input-delay approach for
sampled-data control design of state-delayed continuous-
time LPV systems by mapping the hybrid closed-loop sys-
tem into a continuous-time state-delay LPV system. It is
shown that appropriate choice of a Lyapunov–Krasovskii
functional concludes a delay-dependent synthesis condi-
tion that can handle the fast-varying time delay success-
fully. To ensure the asymptotic stability and H∞ perfor-
mance of the resulting closed-loop delay system, we utilise
slack variables to relax the resulting inequality condition
in the form of an LMI problem. We further show that the
proposed sampled-data control design method can handle
the output-feedback control design even for systems with
varying sampling rates. Finally, by means of a numerical
example, we demonstrate that the proposed method can
handle the sampled-data control problem even with varying
sampling periods. The authors are currently investigating to
further reduce the conservatism of the results, e.g., by us-
ing the Wirtinger’s inequality in the Lyapunov–Krasovskii
functional.
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