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Summary
In this paper, an adaptive sliding mode observer is developed for actuator fault

diagnosis of linear parameter–varying systems. The main advantage of the pro-

posed approach is its ability to cope with time-varying distribution matrix in linear

parameter–varying systems. Furthermore, the proposed adaptive observer is char-

acterized by its output robustness against parameter uncertainties and disturbances

without any a priori knowledge about their bounds. The efficiency of the proposed

fault diagnosis approach is validated using simulation studies.
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1 INTRODUCTION

Fault detection and isolation (FDI) module is an important

unit in industrial systems that provides essential information

regarding the occurrence of faults in these systems. With a fast

and accurate fault diagnosis algorithm, fault consequences

can be alleviated or even eliminated, and fault-tolerant con-

trollers can be reconfigured to maintain a certain level of per-

formance. Fault detection and isolation filters designed on the

basis of linear models usually reach the desired performance

around a specific operating point. However, the system might

encounter a performance degradation as it moves away from

the operating point, which leads to false alarms or missing

fault detection. The linear parameter–varying (LPV) frame-

work offers a formal way to extend the FDI methodologies

based on linear time–invariant (LTI) systems to develop FDI

filter design approaches for nonlinear/time-varying systems.1

For LPV systems, the FDI filter gains are automatically

scheduled based on a number of measurable variables called

scheduling variables.2,3 The main feature of LPV-based FDI

design is the guaranteed stability and performance over a

wide range of operation.4-6 Moreover, it is worth mention-

ing that although new nonlinear model-based FDI design

approaches have been developed for nonlinear systems,7 the

LPV observer designs have widely used linear design method-

ologies to be applied to nonlinear systems.

Many techniques have been developed for fault diagno-

sis of LPV systems in the literature such as the geometric

approach,8 the inversion based methods,9 the eigenstructure

assignment,10 robust approaches like the norm-based opti-

mization filters,7,11-13 interval observers,14 unknown input

observers,15 and sliding mode observers.16,17 Despite the ben-

efits of LPV-based FDI filter design approaches, the LPV

model used as the basis of the LPV observer design might

not perfectly represent the original nonlinear behavior of the

system, which may eventually lead to false alarms or missing

detections. Furthermore, plant-model mismatch, uncertain-

ties, and faulty sensor measurements are other factors that

have to be taken into consideration.

Sliding mode design is a powerful tool to adopt for LPV

systems because of its high robustness against paramet-

ric uncertainties and perturbations. Compared with previous

sliding mode observers designed with fixed gain for LPV

systems,16,17 1 benefit of the adaptive sliding mode approach

is that the observer gain is continuously updated to over-

come the system uncertainties and faults without any a priori

knowledge about their bounds.18-20 Hence, the obtained gain

has a sufficient value leading to stability while reducing the

chattering phenomenon. Furthermore, in the literature, the

design of sliding mode observer for LPV systems has been

restricted to a class of LPV systems with fixed output dis-

tribution matrix16,17,21 that is required for several complicated

Int J Adapt Control Signal Process. 2017; 1–8 wileyonlinelibrary.com/journal/acs Copyright © 2017 John Wiley & Sons, Ltd. 1

https://doi.org/10.1002/acs.2761
http://orcid.org/0000-0002-7645-8056
http://orcid.org/0000-0003-3098-9369


2 RAHME ET AL.

algebraic manipulations for the fault reconstruction proce-

dure. In this paper, we consider a time-varying output dis-

tribution matrix that depends on scheduling variables; this

represents a wide range of nonlinear systems especially in

the chemical processes. Therefore, another benefit of the pro-

posed LPV adaptive sliding mode observer is its ability to

cope with the time-varying output distribution matrix after

ensuring its nonsingularity, boundedness, and its derivative

boundedness over all the trajectories of the scheduling vari-

ables. Using the proposed technique, we generalize the fault

diagnosis for time-varying distribution matrices and can be

further used for LPV models with a fixed distribution matrix.

Theoretical derivations from Lyapunov stability conditions

guarantee the stability and robustness of the adaptive slid-

ing mode observer designed for LPV systems. Finally, the

convergence of the sliding mode observer allows to directly

detect, isolate, and estimate of the size and severity of the fault

by analyzing the so-called equivalent output estimation error

injection concept.22-24

The paper is organized as follows. In Section 2, some pre-

liminaries are presented for the LPV system analysis. Then,

an LPV adaptive sliding mode observer design method is

described in Section 3 for the reformulated LPV model. The

proposed observer is validated in Section 4 via simulation

study using LPV models with fixed and time-varying output

distribution matrices. Finally, concluding remarks are made

in Section 5.

Notation: In this paper, Rn
+ represents the set of vectors

in Rn with positive elements. (·)⊤ denotes the transpose of a

vector or matrix, | · | denotes the absolute value, and || · || rep-

resents the Euclidean norm or induced norm. Finally, Ip is a

p × p identity matrix.

2 LINEAR PARAMETER–VARYING
SYSTEMS ANALYSIS

Consider an LPV system described by

ẋ(t) = A(𝜃(t))x(t) + B(𝜃(t))u(t) + Ew(t) + Hfa(t), x(0) = x0,

y(t) = C(𝜃(t))x(t),
(1)

where the state vector is x(t) ∈ Rn, t ⩾ 0, the input vector is

u(t) ∈ Rm, t ⩾ 0, and the output vector is y(t) ∈ Rp, t ⩾ 0.

The matrices A(𝜃) ∈ Rn×n, B(𝜃) ∈ Rn×m, and C(𝜃) ∈ Rp×n

are matrix functions dependent on the scheduling variables

𝜃(t), t ⩾ 0, and E ∈ Rn×r, and H ∈ Rn×q are constant matri-

ces. To simplify the notations, 𝜃 will be used to denote the

time-varying scheduling variables 𝜃(t). The unknown term

w(t) ∈ Rr, t ⩾ 0, represents all modeling uncertainties and

disturbances experienced by the system, and the unknown

function fa(t) ∈ Rq, t ⩾ 0, represents the actuator fault with

q ⩽ p < n.

For more general LPV models where the fault signature

matrix H(𝜃) is time-varying, H(𝜃) can be factorized into

H(𝜃) = HF(𝜃) where H ∈ Rn×q is fixed and F(𝜃) ∈ Rq×q

is a parameter-varying matrix assumed to be invertible. By

this change of variable, the matrix H will be constant as in

Equation 1, and the new fault signal is considered as fb(t) =
F(𝜃)fa(t). The proposed observer design strategy will ini-

tially estimate fb(t), and then fa(t) will be obtained as fa(t) =
F−1(𝜃)fb(t).

The scheduling variable 𝜃 is defined over a compact

scheduling set P𝜃 ⊂ Rm such that 𝜃 ∶ R → P𝜃 . P𝜃 con-

sidered as a polytope is defined as the convex hull given

by the vertices 𝜃vi such that P𝜃 ∶= Co{𝜃v1
, 𝜃v2

, … , 𝜃vM},
where M = 2m, is found by only considering the bounds of

𝜃i, and Co{·} denotes a convex hull. It is also assumed that

�̇�(t) is bounded and that �̇�(t) ∶ R → P�̇� , where P�̇� ∶=
Co{�̇�v1

, �̇�v2
, … , �̇�vM}. The LPV matrices in Equation 1, rep-

resented by the matrix Q(𝜃) where Q ∈ {A,B,C}, are

continuous functions that are assumed to depend affinely on

𝜃 as

Q(𝜃) = Q0 +
m∑

i=1

𝜃iQi, (2)

where 𝜃i is the ith element of 𝜃. Since 𝜃 can be expressed as

a convex combination of M vertices 𝜃vi , the system can be

represented by a linear combination of LTI models at the ver-

tices. As a result, each matrix in Equation 1 is represented in

a polytopic form as

Q(𝜃) =
M∑

i=1

𝛼iQ
(
𝜃vi

)
, (3)

such that
∑M

i=1 𝛼i = 1 and 𝛼i ⩾ 0. Before designing the fault

diagnosis observer, some assumptions will be considered for

the system (Equation 1).

Assumption 1. It is assumed that rank (C(𝜃)[EH]) = rank

([EH]) = q̃ ⩽ p.

Lemma 1. Under Assumption1, there exists a coordinate

transformation x → Tx in which the triple (A, [EH],C(𝜃)) has

the following structure:([
A1(𝜃) A2(𝜃)
A3(𝜃) A4(𝜃)

]
,

[
0(n−p)×r 0(n−p)×q

E2 H2

]
,
[

0p×(n−p) C2(𝜃)
])
,

(4)

where A1(𝜃) ∈ R(n−p)×(n−p), C2(𝜃) ∈ Rp×p is nonsingular,

E2 =
[

0(p−q̃)×r
E22

]
and H2 =

[
0(p−q̃)×q

H22

]
, (5)

E22 ∈ Rq̃×r and the matrix H22 ∈ Rq̃×q is of full rank.

Proof. Following the same reasoning as for LTI systems

given in the work of Yan and Edwards25 and without the

loss of generality, the output matrix is assumed to have the

following form:
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C(𝜃) = [0 C̃2(𝜃)],

with C̃2(𝜃) ∈ Rp×p as a full rank matrix, and the partition

[EH] is in a compatible way with C(𝜃) as

[E H] =
[

Ẽ1 H̃1

Ẽ2 H̃2

]
, (6)

where Ẽ1 ∈ R(n−p)×r and H̃1 ∈ R(n−p)×q. It follows that rank

(C(𝜃)[EH]) = rank (C̃2(𝜃)[Ẽ2 H̃2]).
Since C̃2(𝜃) ∈ Rp×p is of full rank, one can conclude that

rank (C̃2(𝜃)[Ẽ2 H̃2])=rank ([Ẽ2 H̃2]).
Furthermore, from Assumption 1, rank ([Ẽ2 H̃2])=([EH]),

which implies that there exists a matrix Ṽ ∈ R(n−p)×p such that

[Ẽ1 H̃1] = Ṽ[Ẽ2 H̃2] = [ṼẼ2 ṼH̃2].

Moreover, rank ([Ẽ2 H̃2])= q̃ implies that there exists a

nonsingular matrix T̃ ∈ Rp×p such that

T̃[Ẽ2 H̃2] =
[

0(p−q̃)×r 0(p−q̃)×q
E22 H22

]
= [E2 H2]. (7)

If the nonsingular matrix T ∈ Rn×n is constructed as

T =
[

In−p −Ṽ
0 T̃

]
,

then it follows from Equations 6 and 7 that

T[E H] =

[
0(n−p)×r 0(n−p)×q
0(p−q̃)×r 0(p−q̃)×q

E22 H22

]
, (8)

CT−1 = [0p×(n−p) C̃2(𝜃)T̃−1]. (9)

Letting C2(𝜃) = C̃2(𝜃)T̃−1 leads to the same structures of the

matrices as given in Equations 4 and 5.

From Lemma 1, the system (Equation 1) can be rewritten

in the following form

ẋ1(t) = A1(𝜃)x1(t) + A2(𝜃)x2(t) + B1(𝜃)u(t),
ẋ2(t) = A3(𝜃)x1(t)+A4(𝜃)x2(t)+B2(𝜃)u(t)+E2w(t)+H2fa(t),
y(t) = C2(𝜃)x2(t),

(10)

where x1(t) ∈ Rn−p, t ⩾ 0, and the matrices are as defined in

Lemma 1. Let us introduce the following transformation

T =
[

In−p L
0 Ip

]
, (11)

where L has the following structure

L = [L1 0(n−p)×q̃] ∈ R
(n−p)×p, (12)

with L1 ∈ R(n−p)×(p−q̃) to be designed later on. Then, it follows

that the system (Equation 10) has the following representation

in the new coordinate system z = Tx:

ż1(t) = (A1(𝜃) + LA3(𝜃)) z1(t) + (A2(𝜃) + LA4(𝜃)
− (A1(𝜃) + LA3(𝜃)) L) z2(t)
+ (B1(𝜃) + LB2(𝜃)) u(t),

ż2(t) = A3(𝜃)z1(t) + (A4(𝜃) − A3(𝜃)L) z2(t) + B2(𝜃)u(t)
+ E2w(t) + H2fa(t),

y(t) = C2(𝜃)z2(t).
(13)

After analyzing and reformulating the problem for LPV sys-

tems, the design of an LPV adaptive sliding mode observer is

addressed in the next section.

3 ADAPTIVE SLIDING MODE OBSERVER
DESIGN FOR LPV SYSTEMS

The sliding mode observer consists of a discontinuous signal

𝜈(t) designed to drive the system to reach the desired slid-

ing surface 𝜎(y, ŷ, t) = ŷ(t) − y(t) = 0, with ŷ(t) being the

observer output, and to maintain the sliding motion around

it.22 For the actuator fault diagnosis, an LPV adaptive sliding

mode observer is designed here inspired by the LTI slid-

ing mode strategy proposed in previous studies.19,20 With the

adaptive sliding mode approach, no a priori knowledge of the

uncertainty and perturbation bounds is required. The observer

gain will be increasing until the sliding motion starts around

𝜎(y, ŷ, t) = 0. The gain will keep its value after reaching

the sliding surface. Consequently, the induced chattering is

reduced because of the gain of the discontinuous signal 𝜈(t)
is not overestimated.

The sliding mode observer to be designed is described by

̇̂z1(t) = (A1(𝜃) + LA3(𝜃)) ẑ1(t) + (A2(𝜃) + LA4(𝜃)
− (A1(𝜃) + LA3(𝜃)) L)C−1

2
(𝜃)y(t)

+ (B1(𝜃) + LB2(𝜃)) u(t),
̇̂z2(t) = A3(𝜃)ẑ1(t) + (A4(𝜃) − A3(𝜃)L) ẑ2(t) + B2(𝜃)u(t)

− K (ŷ(t) − y(t)) + C−1
2
(𝜃)𝜈(t),

ŷ(t) = C2(𝜃)ẑ2(t),
(14)

where the observer gain K ∈ Rp×p and L ∈ R(n−p)×p of the

form (Equation 12) are introduced to guarantee the stability

of the observer error system. The jth component 𝜈j(t) of the

discontinuous function 𝜈(t) is of the form

𝜈j(t) = −𝜆j(t) sign (ŷj(t) − yj(t)), j = 1, … , p, (15)

where ŷj(t) and yj(t) are the jth entry of the observer output

ŷ(t) and the plant output y(t), respectively. Each gain 𝜆j(t) of

the vector 𝜆(t) ∈ Rp is governed by

�̇�j(t) = �̄�j |ŷj(t) − yj(t)|, (16)

with 𝜆j(0) > 0 and �̄�j > 0 for j = 1, … , p.

Defining the observation errors as e1(t) = ẑ1(t) − z1(t)
and ey(t) = ŷ(t) − y(t), the error dynamic with respect to
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Equations 13 and 14 is then governed by

ė1(t) = (A1(𝜃) + LA3(𝜃)) e1(t),
ėy(t) = C2(𝜃)A3(𝜃)e1(t) + Ċ2(�̇�)C−1

2
(𝜃)ey(t)

+ C2(𝜃)
(
(A4(𝜃) − A3(𝜃)L)C−1

2
(𝜃) − K

)
ey(t)

− C2(𝜃)E2w(t) − C2(𝜃)H2fa(t) + 𝜈(t).
(17)

where Ċ2(�̇�) =
dC2(𝜃)

dt
. As in Equation 2, the matrix C2(𝜃) can

be written as C2(𝜃) = C20 +
∑m

i=1 𝜃iC2i. Consequently, Ċ2(�̇�)
is also affinely dependent on �̇� ∈ Rm as follows

Ċ2(�̇�) =
m∑

i=1

�̇�iC2i. (18)

Moreover, based on the assumption that �̇�(t) ∈ P�̇� ∶=
Co{�̇�v1

, �̇�v2
, … , �̇�vM}, a polytopic representation for Ċ2(�̇�)

can be written as Ċ2(�̇�) =
∑M

l=1 𝛽lĊ2

(
�̇�vl

)
.

3.1 Stability of the adaptive sliding mode observer

The transformation T in Equation 11 allows to prove the

stability of e1(t) by selecting an appropriate gain L as in

Equation 12, since the boundedness of e1(t), t ⩾ 0, is required

for the stability of ey(t) and the reconstruction of fa(t) as

explained afterwards. The objective is to determine the dis-

continuous function 𝜈(t) in Equations 15 such that the system

reaches the sliding surface ey(t) = 0 and maintains a sliding

motion around the surface.

Theorem 1. The sliding mode of the output observation error

ey(t) in Equation 17, controlled by a discontinuous signal

𝜈(t) governed by Equations 15 and 16 is established around

ey(t) = 0 by selecting �̄�j > 0, 𝜀j > 0 for j = 1, … , p
and obtaining the observer gain matrix K and the matrix L
of the form (Equation 12) from the following linear matrix

inequality (LMI) conditions evaluated at each vertix (𝜃vi , �̇�vl)
for i, l = 1, … ,M:

A1

(
𝜃vi

)
+ LA3

(
𝜃vi

)
< 0, (19)

C2

(
𝜃vi

) ((
A4

(
𝜃vi

)
− A3

(
𝜃vi

)
L
)

C−1
2

(
𝜃vi

)
− K

)
+
((

A4

(
𝜃vi

)
− A3

(
𝜃vi

)
L
)

C−1
2

(
𝜃vi

)
− K

)⊤C⊤
2

(
𝜃vi

)
+ Ċ2

(
�̇�vl

)
C−1

2

(
𝜃vi

)
+ C−1⊤

2

(
𝜃vi

)
Ċ⊤

2

(
�̇�vl

)
< 0.

(20)

Proof. Let us introduce the following Lyapunov candidate

function:

Vy
(
ey(t), �̃�(t)

)
= 1

2
e⊤y (t)ey(t) +

1

2
�̃�⊤(t)Γ−1�̃�(t), (21)

with Γ = diag(�̄�j), �̃�(t) = 𝜆(t) − 𝜆∗, and the vector 𝜆* to be

determined. The derivative of Vy(t) along the error trajectory

(Equation 17) is

V̇y
(
ey(t), �̃�(t)

)
= 1

2
e⊤y (t)

[
C2(𝜃)

(
(A4(𝜃) − A3(𝜃)L)C−1

2
(𝜃) − K

)
+
(
(A4(𝜃) − A3(𝜃)L)C−1

2
(𝜃) − K

)⊤C⊤
2
(𝜃)

]
ey(t)

+ 1

2
e⊤y (t)

(
Ċ2(�̇�)C−1

2
(𝜃) + C−1⊤

2
(𝜃)Ċ⊤

2
(�̇�)

)
ey(t)

+ e⊤y (t)
[
C2(𝜃)A3(𝜃)e1(t) − C2(𝜃)E2w(t) − C2(𝜃)H2fa(t)

]
+ e⊤y (t)𝜈(t) + �̇�⊤(t)Γ−1�̃�(t).

By defining

𝜉(𝜃, �̇�) = C2(𝜃)
(
(A4(𝜃) − A3(𝜃)L)C−1

2
(𝜃) − K

)
+
(
(A4(𝜃) − A3(𝜃)L)C−1

2
(𝜃) − K

)⊤C⊤
2
(𝜃)

+ Ċ2(�̇�)C−1
2
(𝜃) + C−1⊤

2
(𝜃)Ċ⊤

2
(�̇�),

(22)

the condition
1

2
e⊤y (t)𝜉(𝜃, �̇�)ey(t) < 0 holds if the LMI

(Equation 20) is satisfied at all the vertices of 𝜃 and �̇�.

Furthermore, after assuming that C2(𝜃) is bounded over the

trajectories of 𝜃 and that e1(t) is stable, and hence, bounded

through LMI (Equation 19), it follows that

V̇y
(
ey(t), �̃�(t)

)
⩽ 1

2
e⊤y (t)𝜉(𝜃, �̇�)ey(t)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
<0

+ |ey(t)|⊤ |C2(𝜃)A3(𝜃)e1(t) − C2(𝜃)E2w(t) − C2(𝜃)H2fa(t)|max
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Ψmax

− |ey(t)|⊤𝜆(t) + |ey(t)|⊤�̃�(t),
(23)

and hence,

V̇y
(
ey(t), �̃�(t)

)
⩽ 1

2
e⊤y (t)𝜉(𝜃, �̇�)ey(t) + |ey(t)|⊤ (Ψmax − 𝜆∗) .

(24)

The constant vector 𝜆* can be selected such that 𝛾 = 𝜆*−Ψmax

is a positive vector, and hence,

V̇y
(
ey(t), �̃�(t)

)
⩽ 1

2
e⊤y (t)𝜉(𝜃, �̇�)ey(t) − |ey(t)|⊤𝛾

⩽ −|ey(t)|⊤𝛾 ⩽ 0.

(25)

Consequently, ey(t) and �̃�(t) are bounded.

Moreover, by integrating Equation 25, it follows that

lim
t→∞∫

t

0

|ey(𝜏)|⊤𝛾 d𝜏 ⩽ Vy
(
ey(0), �̃�(0)

)
− lim

t→∞
Vy

(
ey(t), �̃�(t)

)
⩽ ∞,

(26)
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since Vy
(
ey(t), �̃�(t)

)
is bounded. Therefore,

lim
t→∞

∫ t
0
|ey(𝜏)|⊤𝛾 d𝜏 is bounded, and it follows that 𝛾⊤|ey(t)|

is uniformly continuous in t since ėy(t) is bounded. Thus,

applying Barbalat Lemma results that lim
t→∞

𝛾⊤|ey(t)| = 0,

which leads to lim
t→∞

|ey(t)| = 0 since 𝛾 is a positive vector.

As a result, the convergence of the LPV adaptive sliding

mode observer (Equation 14) is demonstrated, as well as the

maintenance of the sliding motion around ey(t) = 0, which

completes the proof.

3.2 Reconstruction of the actuator fault

After the sliding motion is maintained, the actuator fault sig-

nal fa(t) can be reconstructed from the output error based on

the principle of equivalent control.22,26 The equivalent control

𝜈eq(t) represents the average behavior of 𝜈(t) that is the effort

necessary to maintain the motion on the sliding surface ŷ(t)−
y(t) = 0. If the induced chattering by the proposed observer is

significant, the equivalent control 𝜈eq(t) can be obtained from

filtering the discontinuous input 𝜈(t) in Equation 15 that only

depends on the measurable outputs y(t) of the LPV model

and the observer outputs ŷ(t). However, 𝜈(t) is also affected

by the presence of the model uncertainties and disturbances

w(t) as well as the faults. After reaching and maintaining the

sliding motion, the error dynamics can be written as ey(t) =
0 and ėy(t) = 0, and with e1(t) = 0, Equations 17 will

lead to

0 = −C2(𝜃)E2w(t) − C2(𝜃)H2fa(t) + 𝜈eq(t). (27)

With C2(𝜃) being nonsingular and the structure of E2 and H2

as in Equation 5, we obtain

0 = −E22w(t) − H22fa(t) +
(
C−1

2
(𝜃)𝜈eq(t)

)
q̃, (28)

where
(
C−1

2
(𝜃)𝜈eq(t)

)
q̃ is the last q̃ components of

C−1
2
(𝜃)𝜈eq(t). Furthermore, to separate the effects of the

uncertainty w(t) on the actuator fault reconstruction as in the

work of Yan and Edwards,25 we consider a matrix W ∈ Rq̃×q̃

such that

W[E22 H22] =
[

M1 0
0 M2

]
. (29)

This equality can be satisfied under the condition: Im(E22)∩
Im(H22) = 0, where Im(·) denotes the image of a matrix.

Therefore, using Equation 29, it follows that[
M1w(t)
M2fa(t)

]
= W

(
C−1

2
(𝜃)𝜈eq(t)

)
q̃. (30)

If Wq is considered as the vector composed of the last q rows

of W, one can obtain

Wq
(
C−1

2
(𝜃)𝜈eq(t)

)
q̃ = M2fa(t), (31)

and finally, the actuator fault severity estimate is recon-

structed as

f̂a(t) = M−1
2

Wq
(
C−1

2
(𝜃)𝜈eq(t)

)
q̃. (32)

Remark 1. As discussed in previous studies,22,26,27 1 way to

recover the equivalent output injection signal is by using a

low-pass filter. Another alternative approach is to approxi-

mate the discontinuous function 𝜈(t) by a continuous one as

follows

𝜈j(t) = −𝜆j(t)
ŷj(t) − yj(t)|ŷj(t) − yj(t)| + 𝛿 , j = 1, … , p, (33)

where 𝛿 is a small scalar. The new equivalent output injection

in Equation 33 can be approximated to any degree of accuracy

for a small enough choice of 𝛿. This method is normally used

when a first-order sliding mode observer is designed. This

type of observer induces a high chattering of the estimated

signals around their corresponding real values, and hence, a

filtering technique will have to be used, like in 2 previous

studies.25,27 In the proposed adaptive sliding mode observer,

the chattering is significantly reduced because of the observer

gain is adaptively increased to reach the required value to

overcome the faults and uncertainties. Therefore, the imple-

mentation of the new equivalent injection is not needed for

fault reconstruction.

4 APPLICATION EXAMPLES

To illustrate the effectiveness of the LPV adaptive sliding

mode observer (Equation 14), two LPV models are consid-

ered: the first LPV model has a fixed distribution matrix,

which allows a comparison of the adaptive sliding mode to a

first-order sliding mode observer, and the second LPV model

has a time-varying output distribution matrix.

4.1 Model with fixed Cmatrix

Let us consider a single-link flexible joint robotic manipu-

lator, where the system nonlinearities are due to the joint

flexibility modeled as a stiffened torsional spring and the

gravitational force. The dynamic model given in the work of

Fan and Arcak28 is as follows

�̇�1(t) = 𝜔1(t),

�̇�1(t) =
1

J1

(
k1 (𝜓2(t) − 𝜓1(t)) + k2(𝜓2(t) − 𝜓1(t))3

)
− Bv

J1

𝜔1(t) +
K𝜏

J1

u(t),

�̇�2(t) = 𝜔2(t),

�̇�2(t) = − 1

J2

(
k1 (𝜓2(t) − 𝜓1(t)) + k2(𝜓2(t) − 𝜓1(t))3

)
−

mlgh
J2

sin𝜓2(t)

+ Ψ(𝜓1(t), 𝜔1(t), 𝜓2(t), 𝜔2(t), t),
(34)

where 𝜓1 and 𝜔1 are the motor position and velocity, respec-

tively; 𝜓2 and 𝜔2 are the link position and velocity, respec-

tively; J1 is the inertia of the DC motor, J2 is the inertia of the

link, 2h is the length of the link and ml represents its mass, Bv
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is the viscous friction, k1 and k2 both are positive constants,

and K𝜏 is the amplifier gain. It is assumed that the motor posi-

tion, motor velocity, and the sum of link velocity and link

position are measurable. The quantity Ψ(𝜓1, 𝜔1, 𝜓2, 𝜔2, t)
satisfying |Ψ(·)| ⩽ |𝜔1 sin𝜔2| exp(−t) represents the uncer-

tainty affecting the system.

After grouping all the nonlinear terms of Equation 34 in the

scheduling vector 𝜃(t) = [𝜃1(t), 𝜃2(t), 𝜃3(t)]⊤ such that

𝜃1(t) = 𝜓2
1
(t) + 2𝜓2(t),

𝜃2(t) = 𝜓2
2
(t),

𝜃3(t) =
sin𝜓2(t)
𝜓2(t)

,

(35)

the matrices of the LPV model representation (Equation 1)

are written as

A(𝜃) =

⎡⎢⎢⎢⎢⎣
0 1 0 0

− k1

J1

− k2

J1

𝜃1 −Bv

J1

k1

J1

+ k2

J1

𝜃2 0

0 0 0 1
k1

J2

+ k2

J2

𝜃1 0 − k1

J2

− k2

J2

𝜃2 −
mlgh

J2

𝜃3 0

⎤⎥⎥⎥⎥⎦
,

B =
⎡⎢⎢⎢⎣

0
K𝜏

J1

0
0

⎤⎥⎥⎥⎦ ,C =

[
1 0 0 0
0 1 0 0
0 0 1 1

]
,

E =
[

0 0 0 1
]⊤
, and H = B.

(36)

According to Lemma 1, to obtain the LPV model

(Equation 36) of the form (Equation 10), a change of coor-

dinate is done with the matrix T =
⎡⎢⎢⎢⎣

0 0 1 0
1 0 0 0
0 −1 0 0
0 0 −1 −1

⎤⎥⎥⎥⎦ and the

resulting matices will be obtained as

A1 = −1, B2 = H2 =
⎡⎢⎢⎣

0

−K𝜏

J1

0

⎤⎥⎥⎦ , E2 =

[
0
0
−1

]
,

C2 =

[
1 0 0
0 −1 0
0 0 −1

]
.

(37)

At this point, the transformation T in Equation 11 is not

necessary since e1(t) is stable because of that A1 < 0.

Therefore, L = [000] and T = I3×3. By solving the LMI

(Equation 20) for the 8 vertices of 𝜃, the observer gain is

obtained as K = 103

[
4.667 −0.0343 0.0114
0.0135 −4.6880 0.3218
−0.0081 −0.2938 −4.6739

]
. Then,

since Im(E22)∩ Im(H22) = 0, a suitable choice of the decou-

pling matrix is W =
[

0 1
1 0

]
. Finally, the reconstruction of any

fault f is obtained from Equation 32.

For the control design purpose, a linear state feedback

u(t) =
[
−16.2 −12.1 −39.7 −25.6

]
x(t)is used to stabilize

FIGURE 1 Fault reconstruction with the proposed linear

parameter–varying adaptive Sliding Mode Observer (SMO) [Colour figure

can be viewed at wileyonlinelibrary.com]

the system. The actuator fault starting with a ramp, then

becoming sinusoidal is considered for this example.

As observed from Figure 1, the fault is very well recon-

structed with the LPV adaptive sliding mode observer

(Equation 14). The presence of the fault is instantaneously

detected, and the fault is estimated with a mean square per-

centage error of 0.086% of the real fault signal. Moreover, it

should be noted that there is no need to use a low-pass fil-

ter for the proposed adaptive observer in this example since

the adaptive observer gain was sufficient to guarantee the sta-

bility of the error without any over estimation, and hence, no

chattering is induced for the fault estimation.

To emphasize on the advantages of the adaptive approach,

we design a first-order LPV sliding mode17 for the trans-

formed LPV model (Equation 13) with the discontinuous

function

𝜈j(t) = −𝜆j sign (ŷj(t) − yj(t)), (38)

considered with 𝜆 constant instead of being time-varying as in

Equations 15 and 16. The constant observer gain 𝜆 must sat-

isfy 𝜆 > Ψmax to ensure the negativity of V̇y in Equation 23.

The fault signal reconstructed with a first-order LPV sliding

mode observer, as shown in Figure 2, is filtered by a low-pass

filter of time constant equal to 0.01 seconds because of high

chattering encountered by the estimation around the fault real

shape. The mean square percentage error of the filtered esti-

mation is 0.0758% of the real fault. Both errors are very small,

which emphasizes the efficiency of the sliding mode tech-

nique. The adaptive observer remains advantageous since it

does not require any bounds on the uncertainty or the fault

and also due to its ability to reduce the inevitable chattering

phenomenon. Moreover, it should be emphasized that Ψmax

depends on the bound of the error signal e1(t) that is not priori

available. Therefore, 1 should select a very high-conservative

observer gain 𝜆 to satisfy 𝜆 > Ψmax that as mentioned above

will lead to high chattering in fixed sliding mode observer

approaches.

wileyonlinelibrary.com
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FIGURE 2 Fault reconstruction with a first-order linear

parameter–varying SMO with a constant gain [Colour figure can be viewed

at wileyonlinelibrary.com]

4.2 Model with time-varying C(𝜃)

Let us consider a numerical LPV model with time-varying

distribution matrix. The matrices are as follows:

A(𝜃) =

[
0.1𝜃2 −1 + 0.2𝜃2 0.015𝜃3

1 + 0.3𝜃1 + 0.1𝜃2 −0.5 + 0.2𝜃2 0
−0.019 + 0.015𝜃3 0.977 − 0.015𝜃3 −0.1

]
,

C(𝜃) =
[
−1 + 𝜃2 1 0

0 1 0

]
,

E =

[ −2
1

0.01

]
and H =

[
1

0.02
0

]
,

(39)

where the scheduling variables are sinusoidal waves as

𝜃1(t) = 2 sin(0.5t),
𝜃2(t) = 0.5 sin(2t),
𝜃3(t) = 0.5 + 0.5 sin(0.5t).

(40)

The above system is also under sinusoidal disturbance

and actuator fault of magnitudes equal to 0.3 and 2.2,

respectively, and angular frequencies equal to 1 rad/s and

0.5 rad/s starting from 20 seconds, respectively. After a

change of coordinate with the matrix T =

[
0 0 0.001
−1 1 0
0 1 0

]
,

according to Lemma 1, the LPV model will be of the form

(Equation 10) with

E22 =
[

3
1

]
,H22 =

[
−0.98
0.02

]
, C2(𝜃) =

[
1 − 𝜃2 𝜃2

0 1

]
.

(41)

A stable observer is designed by solving the LMI

(Equation 20) for 16 vertices determined from the bounds of

𝜃 and �̇�2, which results in K =
[
−1.2857 0.05

0.5 0.947

]
. Then, the

actuator fault can be directly reconstructed by Equation 32

after decoupling the fault from the disturbance with the

matrix W =
[

1 49
1 −3

]
.

FIGURE 3 Fault reconstruction for the second example [Colour figure can

be viewed at wileyonlinelibrary.com]

After analyzing Figure 3, the LPV adaptive sliding mode

observer (Equation 14) shows its ability to rapidly detect (in

0.01 s) the presence of the fault and to ideally follow the fault

profile after 2 seconds from its appearance. The mean square

percentage error is calculated to be 0.4% of the real fault. It

should be noted that in this simulation, there is also no need

to use a low-pass filter for the discontinuous function 𝜈(t).

5 CONCLUSIONS

In this paper, an LPV adaptive sliding mode observer is devel-

oped for actuator fault detection, isolation, and reconstruction

in a class of LPV systems. By means of its adaptive gain,

the proposed observer is able to cope with time-varying out-

put distribution matrix in the LPV systems by only assuming

a nonsingular distribution matrix with bounded derivative.

The LPV sliding mode observer, examined with fixed and

time-varying distribution matrices for LPV systems, is val-

idated with Matlab/Simulink. Compared with a first-order

LPV sliding mode designed for an application example, the

proposed adaptive LPV observer reveals a desired perfor-

mance in both simultaneous detection and fast tracking of the

fault profiles without the need for any filtering technique or a

priori knowledge of the fault upper bound.
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