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Abstract: Precise control of air–fuel ratio (AFR) is one of the most challenging tasks in lean-burn spark ignition engines
control. The main problem arises because of the large time-varying delay in the engine operating envelope. In this study, a
new sliding mode-based synthesis method is presented to control AFR in order to improve fuel economy and decrease the
tailpipe emissions. The time-varying delay dynamics is first estimated by Padé approximation, which transfers the system into
a system with parameter-varying non-minimum phase dynamics. Non-minimum phase characteristics restrict the application
of conventional sliding mode control approach because of the unstable internal dynamics. The system dynamics is then
rendered into the normal form to investigate the system unstable internal dynamics. A systematic approach is proposed to
design a linear dynamic parameter-varying sliding manifold (LDPVSM) in order to stabilise the unstable internal dynamics
according to the desired output tracking error dynamics. Additionally, the proposed LDPVSM provides the system with
robustness against unmatched perturbation. The method that can be easily implemented in practical settings exhibits the
desired dynamics independent of the matched and unmatched disturbances. The results of applying the proposed method to
experimental data demonstrate the closed-loop system stability and a superior performance against time-varying delay, canister
purge disturbances and measurement noise.
1 Introduction

Lean-burn spark ignition engines have been designed to
operate at high air–fuel ratio (AFR) values to ensure
high efficiency of the engine and low emission of pollu-
tants. However, new challenges arise for lean-burn engines
because of the lack of desired performance of the three-
way catalyst (TWC). To tackle this problem, a lean NOx

trap (LNT) module is integrated with the TWC to meet
the standard regulations. The integrated system stores the
exhaust gas downstream the TWC and releases the trapped
gas when it reaches a certain threshold. Simultaneous short-
time switching to the rich operating condition converts the
released NOx pollutants into non-polluting nitrogen. Conse-
quently, it takes longer time for the air–fuel mixture to reach
the universal exhaust gas oxygen (UEGO) sensor down-
stream the LNT module, and thus, introducing a large time
delay for the control input and shortening the bandwidth of
the closed-loop system. Moreover, the engine wide operat-
ing envelope, the inherent non-linearities of the combustion
process, the large modelling uncertainties and parameter
variations make the design of the control system challenging.
Furthermore, the large time-varying delay nature of a lean-
burn engine poses additional challenges to the AFR control
system design.
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Several effective methods have been previously pro-
posed for the development of the control system in spark
ignition engines. Fundamental in this respect has been
robust and adaptive design methods that consider the engine
dynamics non-linearities, the modelling imperfections, the
time-varying dynamics of the engine operating conditions
and the resulted large time-varying delay in the control
input. Illustrative strategies include adaptive mechanisms
for AFR control and engine parameter estimation [1, 2],
direct adaptive control based on the positive forecast idea
as a counterpart to the classical Smith predictors [3], model
predictive control [4, 5], parameter-varying PID [6] and lin-
ear parameter-varying gain-scheduling control for lean-burn
engines [7, 8].

Alternatively, sliding mode control (SMC) theory as a
robust control approach has been extensively investigated
for the last four decades [9, 10]. SMC is the primary core
of variable structure control systems. Sliding mode is the
system motion on a discontinuity set of dynamic structures;
it is characterised by a decision rule according to a designed
sliding function. Intrinsic beneficial characteristics of sliding
mode against non-linearities and matched disturbances have
made it one of the most robust control approaches. However,
chattering effect or high-frequency switching over the slid-
ing surface, which indeed brings robustness characteristics
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to SMC, is a phenomenon that might excite high-frequency
unmodelled dynamics. In order to alleviate the chattering
effect many approaches such as boundary layer or sigmoid-
like functions have been used in the sliding function [11].

Cho and Hedrick presented a conventional SMC accord-
ing to the stoichiometric AFR value and binary oxygen sen-
sor characteristics [12], that could only be implemented on
short-time delays because of the direct correlation between
the chattering magnitude and delay value. For large time-
varying delays in lean-burn engines such a scheme could
result in large chattering amplitudes and consequently large
tracking errors. A follow-up paper proposed an observer-
based SMC to improve the chattering problem [13]. Adap-
tive SMC to update engine parameters was proposed in
[14] and a MIMO SMC for port fuel and direct injection
engines was presented in [15]. Recently, higher-order sliding
mode control (HOSMC) has been presented for chattering
attenuation of SMC theory [16, 17]. For instance, second-
order sliding mode control (SOSMC) which operates on
the second derivative of the sliding manifold, suppresses
the chattering using the twisting algorithms [18]. SOSMC
provides smooth control input because of the integration of
the discontinuous first order control variable. Application of
SOSMC has been reported for engine modelling and param-
eters estimation [19] and AFR control for a delay-free slid-
ing surface [20]. Moreover, dynamic sliding mode control
(DSMC) with superior dynamic features have been sought
to improve the stability and achieve the desired performance
[21, 22]. DSMC, which is considered as a compensator, has
been also used to control fluid systems [23], non-minimum
phase aerospace and power systems [24, 25]. Furthermore,
terminal SMC has been proposed to achieve finite-time
convergence [17] and integral SMC has been presented to
maintain promising robustness in the entire state space [26].

All the aforementioned control approaches utilise either a
fixed delay value for the control design or look-up tables to
update the delay-driven parameters. In this work, we develop
a linear dynamic parameter-varying sliding manifold to con-
trol the lean-burn engines with large time-varying delays.
The control scheme can fully consider the time-varying
nature of the engine while it is robust against matched and
unmatched disturbances. It can also update parameters in
real-time with no need to look-up tables. In this paper, the
system model is approximated by a first-order Padé approx-
imation that transforms the system dynamics into a non-
minimum phase configuration with time-varying parameters.
A linear dynamic parameter-varying sliding manifold is then
designed to compensate for the unstable internal dynamics
associated with the non-minimum phase system. The cor-
responding SMC is evaluated against variable time delay,
uncertain plant behaviour and disturbances introduced by
purging the fuel vapour from the carbon canister, air charge
estimation error or the UEGO sensor measurement noise.

The remainder of the paper is organised as follows.
Section 2 briefly presents the AFR system model. Section 3
brings forward the delay interpretation and guideline for
the linear dynamic parameter-varying sliding manifold and
the corresponding SMC design in a systematic framework.
Results are discussed in Section 4 and some conclusion are
outlined in Section 5.

2 System model for AFR dynamics

The configuration of the AFR system is depicted in Fig. 1
consisting of the throttle, the air-path, the fuelling-path, the
TWC, the LNT, the heat exhaust gas oxygen (HEGO) and
1320
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Fig. 1 AFR system configuration

two UEGO sensors downstream the engine. The fuelling
system model includes fuel vapour and fuel wet film dynam-
ics whose complicated characteristics can vary with respect
to the intake manifold temperature, injection timing, spray
pattern and port geometry. Implementation of the fuelling
system model with all aforementioned factors is a challeng-
ing task. The scheme described below (by Aquino [27]) is
perhaps the most widely used fuelling system model in spark
ignition engine control systems

m̈fo + 1

τf
ṁfo = (1 − X )m̈fi + 1

τf
ṁfi (1)

where X is the fraction of injected fuel that forms a wet
film on the walls, τf is the time constant for the evaporated
fuel from the wet wall, ṁfi and ṁfo are injected fuel flow rate
into the fuelling chamber and output flow rate delivered into
the ignition chamber, respectively. As a common practice in
experimental settings, a compensator is added to the feed-
forward path to compensate for the fuel wall wetting effect
in the intake manifold [7]. Estimation approaches based on
the least-squares method have been presented in [28–30] to
obtain the parameters X and τf .

One of the main challenges in designing AFR control sys-
tem for lean-burn engines is the presence of a large time
delay because of the location of UEGO sensor downstream
the LNT module. This introduces considerable time-varying
delay for the exhaust gas to be transported to the UEGO
sensor, which is increased by the engine delay owing to
the combustion process. In addition, the engine-operating
envelope, such as the engine speed and air mass flow, con-
tributes to the time delay. Thus, the engine time delays
are mainly identified as the cycle delay τc and the exhaust
gas transport delay τg. The cycle delay is estimated by one
engine cycle because of the four strokes of the engine as
τc = 120/N , where N is the engine speed in rpm. The gas
transport delay is identified as the time that it takes for the
exhaust gas to reach the tailpipe UEGO sensor downstream
the LNT and may be approximated by τg = α/ṁa for an
average exhaust temperature, where ṁa is the air flow rate
and α is a constant that could be determined using experi-
mental data [7]. Hence, the overall time delay is given by
τ = τc + τg. The UEGO sensor dynamics is modelled by
a first order lag G(s) = 1/(τss + 1), where τs is the sen-
sor time constant. Then, the system open-loop dynamics
including UEGO sensor dynamics and the total delay can
be considered as

τsẏ(t) + y(t) = u(t − τ) (2)

where y(t) and u(t) are the measured and input AFR,
respectively.
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3 Dynamic parameter-varying SMC

The proposed structure of the closed-loop system is shown in
Fig. 2, which consists of the feedforward air-path and fuel-
path dynamics. The air-path dynamics estimates the amount
of air mass flow to the combustion chamber through the
throttle, while the fuel-path dynamics estimates the amount
of fuel mass flow entering into the cylinder. An extensive
work on air and fuel characteristics along with a feedforward
approach to explore transient air-path and fuel-path dynam-
ics has been reported in [30]. In experimental settings, there
is usually a feedforward path to compensate for the fuel-path
dynamics by using a proper estimation of the parameters in
(1), that is, X and τf . To design the control system, we
use a similar methodology and discard the fuelling system
dynamics in the feedforward loop.

The control design objective is to track the desired AFR
in the presence of matched and unmatched disturbances
such as canister purge, open-loop perturbations, unmodelled
dynamics, and UEGO noise. Furthermore, the control system
structure should be appropriate to be easily implemented in
practical settings. In the following, we will first approximate
the engine delay in order to change the infinite-dimensional
delay problem into a finite-dimensional approximation. To
overcome the shortcoming of the classical SMC in deal-
ing with an internally unstable dynamic system, a linear
dynamic parameter-varying sliding manifold is proposed to
provide the control system with stability and robustness
against matched and unmatched perturbations and UEGO
measurement noise.

3.1 Delay and internal dynamics

The pure infinite-dimensional time delay system may be
approximated by a Padé approximation which results in a
finite-dimensional closed-form representation. In this paper,
we have used a first order Padé approximation since a
higher-order approximation increases the complexity of the
system and hence the computational cost. Using the first-
order Padé approximation, the system (2) can be rewritten as

Y (s)

U (s)
∼= 1 − τ

2 s

(1 + τ

2 s)(1 + τss)
(3)

where τ is the overall time-varying delay consisting of
cycle delay and exhaust gas transport delay. Equation (3)
represents a non-minimum phase system owing to the
presence of a zero in the right-half plane caused by the
delay. Although this approximation renders the infinite-
dimensional dynamics into a finite-dimensional one, it still
carries the bandwidth limitation inherited by the non-
minimum phase configuration. The state-space representa-
tion of (3) can be expressed as

ẋ1(t) = x2(t)

ẋ2(t) = −a0(τ )x1(t) − a1(τ )x2(t) + u(t)

y(t) = b0(τ )x1(t) + b1(τ )x2(t)

(4)

Fig. 2 Closed-loop system structure
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where a0(τ ) = b0(τ ) = 2(τsτ)−1, a1(τ ) = (2τs + τ)(τsτ)−1,
and b1(τ ) = −τ−1

s are the parameter-dependent coefficients.
The relative degree of the system (4) is r = 1, which implies
that the stability of the system depends on the stability of
the internal dynamics or alternatively zero dynamics. The
internal dynamics along with the input/output dynamics of
the system may be obtained by the normal form trans-
formation W = N (x(t)), in which, W = [ξ(t) η(t)]T and
N (x) = [y(t) x1(t)]T [31]. The corresponding input/output
and internal dynamics can be obtained by using Lie nota-
tion as

η̇(t) = Lf N (x(t))

ξ̇ (t) = Lf h(x(t)) + Lgh(x(t))u(t)
(5)

where f (x(t)) = [x2(t) −a0(τ )x1(t) − a1(τ )x2(t)]T , g(x(t)) =
[0 1]T , h(x(t)) = b0(τ )x1(t) + b1(τ )x2(t) and N is found
such that LgN (x(t)) = 0. Hence, internal dynamics and
input/output pairs are obtained as

η̇(t) = a11(τ )η(t) + a12(τ )ξ(t) + φη(t) (6a)

ξ̇ (t) = a21(τ )η(t) + a22(τ )ξ(t) + β(τ)u(t) + φξ (t) (6b)

y(t) = ξ(t) (6c)

where a11(τ ) = 2τ−1, a12(τ ) = −τs, a21(τ ) = (8τs + 4τ)
(τsτ)−2, a22(τ ) = −(4τs + τ)(τsτ)−1, and β(τ) = −τ−1

s are
corresponding coefficients according to the above transfor-
mation. We have also included φη(t) and φξ (t) as bounded
non-linear unmatched and matched uncertainties, respec-
tively, to implement a generic control approach that is able
to accommodate both unmatched and matched disturbances.
The unstable eigenvalue for the zero dynamics based on
ξ = 0, which represents instability of the internal dynamics
of (6a) for all positive time delays, is equal to 2τ−1.

Assumption: It is assumed that φη(t) is a bounded smooth
external unmatched disturbance whose nth order time deriva-
tive (n is a positive integer) is zero, that is, (dn/dtn)φη(t) ≡
0. The same assumption is made for the reference output
y∗(t), that is, (dn/dtn)y∗(t) ≡ 0. We will also assume that
the pair (a11(τ ), a12(τ )) is controllable, that is, a12(τ ) �= 0.

3.2 Linear dynamic parameter-varying sliding
manifold

Similar to other control schemes, such as feedback lineari-
sation and inverse dynamics, SMC in its conventional form
cannot be utilised for non-minimum phase systems because
of the instability in the internal dynamics that diverges the
control input to infinity [24]. Consider the conventional
sliding surface as

σ(t) =
(

d

dt
+ λ

)r−1

e(t) (7)

where e(t) = y∗(t) − ξ(t), y∗(t) is the reference AFR, r is
the relative degree and λ is the surface bandwidth. An
SMC scheme based on the sliding surface (7) and Lyapunov
stability candidate 1

2σ
Tσ may be obtained as

u = β−1(τ )[ẏ∗(t) − a21(τ )η(t) − a22(τ )ξ(t) − φξ (t)

+ κsign(σ )] (8)

where κ > |φξ (t)|. It can be observed that according to
unstable internal dynamics (6a) and its contribution to (8),
1321
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the SMC will approach infinity, that is, limt→∞ ||u|| = ∞.
In order to circumvent this problem, a linear dynamic
parameter-varying sliding manifold (LDPVSM) based on the
time-varying delay is proposed to compensate for the unsta-
ble internal dynamics of the non-minimum phase system
in terms of the unstable internal dynamic state and track-
ing error. It should also provide the closed-loop system
with robustness against unmatched perturbation φη(t) while
maintaining zero steady-state tracking error. We define the
LDPVSM as

ζ(t) = η(t) +
∑n−1

i=0 pi(τ )si

sn+1 + q(τ )sn
e(t) = 0 (9)

where s = d/dt, q(τ ) and pi(τ ) are parameter-dependent
coefficients that should be determined. The system motion
on the sliding surface for internal dynamics (6a) yields

e(t) = a−1
12 (τ )[sn+1 + q(τ )sn]

sn+1 + q(τ )sn − a−1
12 (τ )

∑n−1
i=0 pi(τ )[si+1 − a11(τ )si] φ̄(t)

(10)

where φ̄(t) = a12(τ )y∗(t) + φη(t). Based on the assumption
above, the term [sn+1 + q(τ )sn]φ̄(t) vanishes and the steady-
state tracking error approaches zero. Hence

{
sn+1 + q(τ )sn − a−1

12 (τ )

n−1∑
i=0

pi(τ )[si+1 − a11(τ )si]
}

e(t) = 0

(11)

Now, q(τ ) and pi(τ ) are determined by comparing (11) with
the desired characteristic equation [sn+1 + ∑n

i=0 cisi]e(t) =
0 (c,

is are determined based on the desired eigenvalue
placement) as

q(τ ) = cn +
n−1∑
j=0

aj−n
11 (τ )cj

pi(τ ) = a12(τ )

i∑
j=0

aj−i−1
11 (τ )cj

(12)

Substituting of (12) into (9) provides the defined LDPVSM
as

ζ(t) = η(t) + a12(τ )
∑n−1

i=0

∑i
j=0 aj−i−1

11 (τ )cjsi

sn+1 + cnsn + ∑n−1
j=0 aj−n

11 (τ )cjsn
e(t) = 0

(13)
1322
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Theorem: The LDPVSM (13) maintains the sliding mode by
the following controller

u(t) = ueq(t)

+ β−1ϒ
sn+1 + cnsn + ∑n−1

j=0 aj−n
11 (τ )cjsn

a12(τ )
∑n−1

i=0

∑i
j=0 aj−i−1

11 (τ )cjsi
sgn(ζ(t))

(14)

where ϒ is a positive constant determined based on the
reaching time and upper bound on the matched disturbance
φξ (t) and ueq(t) is the equivalent control as follows [9] (see
(15))

Proof: Consider the second method of Lyapunov with
a candidate function V (ζ ) = 1

2ζ(t)Tζ(t) > 0 whose time-
derivative can be obtained as

V̇ (ζ ) = ζ(t)T

(
η̇(t) + a12(τ )

∑n−1
i=0

∑i
j=0 aj−i−1

11 (τ )cjsi

sn+1 + cnsn + ∑n−1
j=0 aj−n

11 (τ )cjsn
ė(t)

)

(16)

Substitution of ė(t) = ẏ∗(t) − ξ̇ (t) into (16) and using
the system dynamics (6) yields the following expression
that ensures stability and attractiveness of the dynamic
parameter-varying sliding manifold (13)

V̇ (ζ ) = −ϒ |ζ(t)| < 0 (17)

The discontinuous control input (14) is, however, obtained
in a simplified form by using the equivalent control repre-
sentation as [10]

u = −sgn(ζ(t)), ∀  > |ueq| + ϒ , ϒ > |φξ (t)| (18)

Implementation of the control input (18) requires infinite
frequency switching that may excite high frequency unmod-
elled dynamics. In order to avoid this chattering effect, the
following saturation function is used rather than a signum
function

sat
( ·
�

)
=

⎧⎪⎨
⎪⎩

−1 if · < �·
�

if | · | ≤ �

1 if · > �

(19)

where � is a positive constant, called boundary layer thick-
ness. Then, the control input can be expressed as (see
(20))

It should be noted that the proposed parameter-varying
controller in (20) does not involve additional computational
effort compared to a fixed-gain controller as only a few mul-
tiplications and additions are performed to obtain the varying
parameters of the LDPVSM. �
ueq(t) = β−1

[
−a21(τ )η(t) − a21(τ )ξ(t) + ẏ∗(t) − φξ (t) + sn+1 + cnsn + ∑n−1

j=0 aj−n
11 (τ )cjsn

a12(τ )
∑n−1

i=0

∑i
j=0 aj−i−1

11 (τ )cjsi
(a11(τ )η(t) + a12(τ )ξ(t))

]
(15)

u = − sat

[(
η(t) + a12(τ )

∑n−1
i=0

∑i
j=0 aj−i−1

11 (τ )cjsi

sn+1 + cnsn + ∑n−1
j=0 aj−n

11 (τ )cjsn
e(t)

)/
�

]
(20)
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4 Results and discussion

In this paper, we apply the proposed SMC to track the refer-
ence AFR for lean-burn engines. As previously mentioned,
the main challenge in designing a control system for lean-
burn engines is the large and time-varying delay for the
exhaust gas to be transported to the UEGO sensor down-
stream the LNT module. In addition, the engine-operating
conditions contribute to the variable time delay. Below, the
results of the proposed LDPVSM implementation on a lean-
burn engine are presented. The internal dynamics (6a) can
be rearranged as

η̇(t) = 2τ−1η(t) − τs[y∗(t) − e(t)] + φη(t) (21)

where y∗(t) is the reference AFR. Equation (21) can be also
expressed in the following form

η̇(t) = 2τ−1η(t) + τse(t) + φ̄η(t) (22)

where φ̄η(t) = −τsy∗(t) + φη(t). According to the Assump-
tion in Section 3 and assuming that the ˙̄φη(t) = 0, that is,
n = 1, the following LDPVSM is proposed to compensate
for the unstable internal dynamics

ζ(t) = η(t) + p0(τ )

s2 + q(τ )s
e(t) = 0 (23)

Substituting (23) into (22) yields the output tracking error
as

{(s − 2τ−1)p0(τ ) + τs[s2 + q(τ )s]}e(t) = 0 (24)

By choosing the desired characteristic equation ë + 1.4ė +
e = 0 based on the integral of time multiplied by the abso-
lute tracking error criterion and comparing it with (24),
one can obtain the parameter-varying coefficients in (23) as
p0(τ ) = a12(τ )a−1

11 (τ ) and q(τ ) = 1.4 + a−1
11 (τ ). Hence, the

corresponding LDPVSM can be expressed as

ζ(t) = η(t) + a12(τ )a−1
11 (τ )

s2 + [1.4 + a−1
11 (τ )]s e(t) = 0 (25)

The Nichols chart in Fig. 3 illustrates how the LDPVSM per-
forms when the time delay changes. It can be seen that as the
IET Control Theory Appl., 2013, Vol. 7, Iss. 10, pp. 1319–1329
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delay increases the gain margin and phase margin decrease.
The gain margin for the shortest delay (20 dB) is consider-
ably higher than the gain margin for the largest delay (6 dB).
This ensures a proper noise attenuation for system motion
on the sliding surface particularly at high frequencies. It can
be observed that the sliding manifold can maintain larger
phase margin for lower delay values and, hence, leading to
a superior transient response over the larger delays. This
implies that designing a parameter-varying controller can
largely help to take advantage of the short delay character-
istics for time-varying delays in the AFR control compared
with a fixed-gain control strategy.

Substitution of (25) into (20) yields the dynamic
parameter-varying SMC as

u = −sat

[(
η(t) + a12(τ )a−1

11 (τ )

s2 + [1.4 + a−1
11 (τ )]s e(t)

)/
�

]
(26)

In this paper, we use experimental data collected from
a Ford F-150 truck with a V8 4.6 L lean-burn engine
with time-varying delay [7]. The results are performed in
MATLAB/Simulink� using Runge–Kutta ODE4 numerical
integration. Figs. 4a and b show the engine speed and air
mass flow as a typical federal test procedure (FTP) transient
cycle. The engine speed is used to obtain the cycle delay
according to τc = 120/N and the air mass flow is used to
obtain the gas transport delay by τg = α/ṁa with α = 1.81.
The overall time-varying delay can be, hence, represented as
in Fig. 4c for 0.3 s ≤ τ ≤ 2.7 s. A saturation function with
upper limit of 2.7 s has been used to filter out large time
delays that may happen at the beginning of the engine oper-
ation. Moreover, it is assumed that the engine is commanded
to operate at normalised lean AFR, typically 1.1 or 1.4.

In the dynamic parameter-varying SMC (26) we choose
 = 1.45 according to the maximum reference output
(AFR) magnitude to be tracked, that is, y∗(t) = 1.4. We
also consider ρ = 0.05 to robustify the control system
against unknown bounded perturbations, |φξ (t)| < 0.05.
Fig. 5 shows the closed-loop system performance using
the designed LDPVSM for the approximated non-minimum
phase system. Fig. 5a demonstrates the control input based
on the signum function with high-frequency switching that
causes chattering in the tracking output. It can be observed
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Fig. 3 Engine dynamics on LDPVSM for a sequence of time delays, 0.3 s ≤ τ ≤ 2.7 s
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a

b

c

Fig. 4 Graphs showing

a Engine speed for a typical FTP drive cycle
b Air mass flow for a typical FTP drive cycle
c Estimated time-varying delay for the lean-burn engine

Fig. 5 AFR output tracking and corresponding dynamic parameter-varying SMC performance on the approximated non-minimum phase
dynamics of the engine with

a Signum function
b Saturation function
that the chattering frequency is considerably high for the
first 100 s because of the large control gain ( = 1.45) in
the range 0 ≤ t ≤ 100 s with sup y∗(t) = 1.1. The result of
using saturation function with the boundary layer � = 10−4

is shown in Fig. 5b. It can be seen that the control input has
been smoothen out and the chattering has been eliminated
as well.

Fig. 6 demonstrates the time-varying parameters in the
linear dynamic parameter-varying sliding manifold (23).
The dynamic parameter-varying SMC on the lean-burn
engine with actual time-varying delay has been shown in
Fig. 7 using the signum function with chattering effect. As
1324
© The Institution of Engineering and Technology 2013
illustrated in Fig. 8, the use of saturation function smoothens
out the control input and, hence, suppresses the chattering.
Fig. 8a shows the closed-loop response of the actual delay
system (1) against the approximated system (4). Magnified
graphs represent the transient responses for the systems with
approximated and actual delays. Discarding the undershoot,
the approximated non-minimum phase system leads to a
faster response (�t = 0.5 s) compared with the system with
actual delay for 0 < t < 10 s. Such slightly faster response
is because of the larger bandwidth of the associated first-
order Padé approximation of the delay [32]. It is noted that
for a lean-burn engine with operating envelope bounded on
IET Control Theory Appl., 2013, Vol. 7, Iss. 10, pp. 1319–1329
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Fig. 6 Time-varying parameters of the LDPVSM for the engine-operating envelope

Fig. 7 Closed-loop performance of the dynamic parameter-varying SMC on the lean-burn engine dynamics with actual time-varying delay
and signum function

Fig. 8 Graphs showing

a Closed-loop performance of the dynamic parameter-varying SMC on the lean-burn engine dynamics with actual time-varying delay using saturation

function
b Corresponding chatter-free controller
IET Control Theory Appl., 2013, Vol. 7, Iss. 10, pp. 1319–1329 1325
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upper vicinity of the unit normalised AFR, the correspond-
ing lag will be less than 0.1 s as depicted in the magnified
graph for 100 s < t < 110 s. Fig. 8b and its magnified graph
shows the chatter-free LDPVSM controller.

The closed-loop system performance against an external
disturbance including fuel injector uncertainty and canis-
ter purge has been shown in Fig. 9b with the disturbance
profile as in Fig. 9a and also various time-varying delay
1326
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estimation errors in three cases: (1) nominal delay, (2) 20%
time delay overestimation, and (3) 20% time delay underes-
timation. The dashed line corresponds to the nominal time
delay. The solid line is for the overestimated time delay; the
dotted line corresponds to the underestimated time delay and
the dash-dotted line is the reference AFR. It is shown that
the closed-loop system is robust against open-loop canister
purge disturbance and delay variations. However, for large
Fig. 9 Graphs showing

a Typical disturbance profile for the fuel purge perturbations
b Closed-loop performance of the dynamic parameter-varying SMC on the lean-burn engine in the presence of fuel purge disturbance and various delay

estimation errors

Fig. 10 Graphs showing

a Baseline controller configuration
b Performance of the LDPVSM and baseline controllers against fuel purge perturbations
c Corresponding control inputs
IET Control Theory Appl., 2013, Vol. 7, Iss. 10, pp. 1319–1329
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delays the controller exhibits overshoot while attenuating the
disturbance. This is because of the phase margin decrease
caused by the large delay that reduces the system damping
and thus allowing for transient overshoot.

We also design a PI controller as a baseline controller to
evaluate the closed-loop response of the proposed scheme.
The derivative term cannot be used in the AFR con-
troller design as it amplifies the noise of the UEGO sensor
[33]. The baseline controller is then adopted as C(s) =
Kp(1 + (1)/(Ts)), combined with a Smith predictor, Z(s) =
(1)/(τss + 1)(1 − e−τ s), to compensate for the large delays
(see Fig. 10a). The parameter T is chosen equal to the
lag of UEGO sensor, τs. The integrator maintains robust-
ness against step disturbances and leads to a first-order
set point response with time constant 1/Kp [34, 35]. How-
ever, very large values of Kp make the closed-loop system
unstable owing to the presence of the delay and leads to
further amplification of the measurement noise. Fig. 10b
illustrates the closed-loop performance of the LDPVSM and
the baseline controllers with root-mean square (RMS) of
the error signal calculated to be 0.0623 and 0.0915, respec-
tively. Fig. 10c shows the corresponding control inputs.
IET Control Theory Appl., 2013, Vol. 7, Iss. 10, pp. 1319–1329
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The closed-loop system performance in the presence of the
UEGO sensor measurement noise and fuel purge disturbance
is illustrated for the LDPVSM and the baseline controller in
Fig. 11. The measurement noise is assumed to be a white-
noise signal with intensity of 10−4, which produces a noise
with amplitude of 5% in the sensor output. The magnified
graph within Fig. 11 shows that the LDPVSM controller
has attenuated the noise effect and confined the output to
about ±0.003 of the reference AFR. The LDPVSM con-
troller (RMS = 0.0663) outperforms the baseline controller
(RMS = 0.0943) in terms of the RMS value by 30%.

As mentioned in Section 2, the fuel-path dynamics is
usually discarded in the control system design procedure
[7]. However, the effect of fuel-path dynamics (see (1)) is
examined for τf = 0.1 s and X = 0.5 (assuming that half
of the injected fuel forms a wet film on the walls) [29].
Fig. 12 illustrates the effect of the fuel-path dynamics on
the closed-loop response through the tracking output differ-
ence with and without fuel-path dynamics. Fig. 12a shows
only 2% lower AFR compared with the system without
fuel-path dynamics. Fig. 12b shows that the control input
with fuel-path dynamics requires 1.5% higher AFR.
Fig. 11 Output tracking for the time-varying delay in the presence of the measurement noise and fuel purge disturbance

a

b

Fig. 12 Graphs showing

a Output tracking difference with and without fuel-path dynamics for the time-varying delay
b Difference in the corresponding parameter-varying control input
1327
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a

b

Fig. 13 Graphs showing

a Output tracking performance for the fixed-gain controller in the presence of noise and disturbance
b Corresponding fixed-gain dynamic SMC
The presented control approach may also be utilised to
obtain a fixed-gain controller by freezing the LDPVSM
parameters. For the lean-burn engine the upper magnitude
for the delay (τ = 2.7 s) is chosen to obtain the parame-
ters of the dynamic sliding manifold. This ensures a proper
closed-loop system performance within the maximum band-
width posed by the largest delay and, hence, leading to a
conservative design. The engine performance with fixed-gain
controller in the presence of fuel purge disturbance and the
UEGO sensor measurement noise is shown in Fig. 13. Since
the bandwidth of the closed-loop system using the designed
controller with fixed gains is limited by the maximum delay
bandwidth, the system response is more sluggish compared
with the parameter-varying controller.

5 Conclusion

A dynamic parameter-varying SMC strategy was proposed
to control spark ignition engines with time-varying delay.
The engine dynamics with time-varying delay was estimated
using Padé approximation that resulted in a parameter-
dependent non-minimum phase system. The system dynam-
ics was further represented in the normal form to examine
the unstable internal dynamics of the engine. An LDPVSM
with parameters explicitly depending on the delay was then
constructed based on the unstable internal state of the non-
minimum phase system and the tracking error for the engine
normalised AFR. The proposed LDPVSM was shown to be
able to regulate the closed-loop response against unmatched
uncertainties and enable the control system to track the refer-
ence input with an acceptable tracking error. The closed-loop
system performance was evaluated using experimental data
in the presence of various operating conditions and uncer-
tainties including overestimated and underestimated time-
varying delays, fuel purge disturbances, and the UEGO
sensor measurement noise. The results showed that the con-
trol system is able to attenuate the effect of fuel purge
uncertainties in the presence of large variable delays. More-
over, the control system showed robustness against various
1328
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delay estimation errors. Finally, it was observed that the
closed-loop system exhibits excellent performance against
the UEGO sensor noise by attenuating noise effect on
the AFR reference tracking. Development of the proposed
approach for direct injection engines and experimental vali-
dation of the method on an engine test-bed will be pursued
in a follow-up research.

6 Acknowledgment

This publication was made possible by NPRP grant 08-398-
2-160 from the Qatar National Research Fund (a member of
Qatar Foundation).

7 References

1 Turin, R., Geering, H.: ‘Model-reference adaptive A/F ratio control in
an SI engine based on Kalman-filtering techniques’. American Control
Conf., Seattle, WA, 1995, pp. 4082–4090

2 Ault, B.A., Jones, V.K., Powell, J.V., Franklin, G.F.: ‘Adaptive air-
fuel ratio control of a spark-ignition engine’. SAE Paper 940373,
1994

3 Yildiz, Y., Annaswamy, A.M., Yanakiev, D., Kolmanovski, I.: ‘Spark
ignition engine air-to-fuel ratio control: an adaptive control approach’,
Control Eng. Pract., 2010, 18, pp. 1369–1378

4 Manzie, C., Palaniswami, M., Ralph, D., Watson, H., Yi, X.: ‘Model
predictive control of a fuel injection system with a radial basis function
network observer’, ASME J. Dyn. Syst., Meas. Control, 2002, 124, (4),
pp. 648–658

5 Zhixiang, H., Yihu, W.: ‘Multi-step predictive model of air fuel ratio
for gasoline engine based on neural network’. IET Int. Technology
and Innovation Conf., London, 2006, pp. 2028–2030

6 Ebrahimi, B., Tafreshi, R., Masudi, M., Franchek,
M., Mohammadpour, J., Grigoriadis, K.: ‘A parameter-varying
filtered PID strategy for air–fuel ratio control of spark ignition
engines’, Control Eng. Pract., 2012, 20, pp. 805–815

7 Zhang, F., Grigoriadis, K., Franchek, M., Makki, I.: ‘Linear
parameter-varying lean burn Air-Fuel ratio control for a spark
ignition engine’, ASME J. Dyn. Syst., Meas. Control, 2007, 129,
pp. 404–414

8 White, A., Zhu, G., Choi, J.: ‘Hardware-in-the-loop simulation of
robust gain-scheduling control of port-fuel-injection processes’, IEEE
Trans. Control Syst. Technol., 2011, 19, (6), pp. 1433–1443
IET Control Theory Appl., 2013, Vol. 7, Iss. 10, pp. 1319–1329
doi: 10.1049/iet-cta.2012.0823



www.ietdl.org
9 Utkin, V.I.: ‘Sliding mode in control and optimization’ (Springer,
Berlin, 1992)

10 DeCarlo, R.A., Zak, S.H., Matthews, G.P.: ‘Variable structure control
of nonlinear multivariable systems: a tutorial’, IEEE Proc., 1988, 76,
pp. 212–232

11 Young, K.D., Utkin, V.I., Ozguner, U.: ‘A control engineer’s guide to
sliding mode control’, IEEE Trans. Control Syst. Technol., 1999, 7,
(3), pp. 328–342

12 Cho, D., Hedrick, J.K.: ‘A nonlinear controller design method for fuel-
injected automotive engines’, J. Eng. Gas Turbines Power, 1988, 110,
pp. 313–320

13 Choi, S.B., Hedrick, J.K.: ‘An observer-based controller design
method for improving air/fuel characteristics of spark ignition
engines’, IEEE Trans. Control Syst. Technol., 1998, 6, (3),
pp. 325–334

14 Souder, J.S., Hedrick, J.K.: ‘Adaptive sliding mode control of air–fuel
ratio in internal combustion engines’, Int. J. Robust Nonlinear Control,
2004, 14, pp. 525–541

15 Pace, S., Zho, G.G.: ‘Air-to-fuel and dual-fuel ratio control of an
internal combustion engine’, SAE Int. J. Eng., 2009, 2, (2), pp.
245–253

16 Defoort, M., Floquet, T., Kokosy, A., Perruquetti, W.: ‘A novel higher-
order sliding mode control scheme’, Syst. Control Lett., 2009, 58, (2),
pp. 102–108

17 Levant, A., ‘Alelishvili, L.: Integral higher-order sliding modes’, IEEE
Trans. Autom. Control, 2007, 52, (7), pp. 1278–1282

18 Levant, A.: ‘Principle of 2-sliding mode control’, Automatica, 2007,
43, pp. 576–586

19 Butt, Q.R., Bhatti, A.I.: ‘Estimation of gasoline engine parameters
using higher order sliding mode’, IEEE Trans. Ind. Electron., 2008,
55, (11), pp. 3891–3898

20 Wang, S., Yu, D.L.: ‘A new development of internal combustion
engine air–fuel ratio control with second-order sliding mode’, ASME
J. Dyn. Syst., Meas. Control, 2007, 129, pp. 757–766

21 Koshkouei, A.J., Burnham, K.J., Zinober, A.S.I.: ‘Dynamic sliding
mode control design’, IEE Proc. Control Theory Appl., 2005, 152,
pp. 392–396
IET Control Theory Appl., 2013, Vol. 7, Iss. 10, pp. 1319–1329
doi: 10.1049/iet-cta.2012.0823
22 Shtessel, Y.: ‘Nonlinear output tracking in conventional and
dynamic sliding manifolds’, IEEE Trans. Autom. Control, 1997, 42,
pp. 1282–1286

23 Iqbal, M., Bhatti, A.I., Khan, Q.: ‘Dynamic sliding modes control
of uncertain nonlinear MIMO three tank system’, IEEE 13th Int.
Multitopic Conf., 2009

24 Shkolnikov, I.A., Shtessel, Y.: ‘Aircraft nonminimum phase control
in dynamic sliding manifolds’, J. Guid. Control Dyn., 2001, 24, pp.
566–572

25 Shtessel, Y., Zinober, A.S.I., Shkolnikov, I.A.: ‘Sliding mode control
of boost and buck-boost power converters using the dynamic sliding
manifold’, Int. J. Robust Nonlinear Control, 2003, 3, pp. 1285–1298

26 Liu, J., Sun, F.: ‘A novel dynamic terminal sliding mode control of
uncertain nonlinear systems’, J. Control Theory Appl., 2007, 5, (2),
pp. 189–193

27 Aquino, C.F.: ‘Transient A/F ratio characteristics of 5 litre central fuel
injection system’. SAE Paper 810494, 1989

28 Jones, V.K., Ault, B.A., Franklin, G.F., Powell, J.V.: ‘Identification
and air-fuel ratio control of a spark ignition engine’, IEEE Trans.
Control Syst. Technol., 1994, 3, (1)

29 Wu, Y.-Y., Chen, B.-C., Hsieh, F.-C., Ke, C.-T.: ‘A study of the
characteristics of fuel-film dynamics for four-stroke small-scale spark-
ignition engines’. SAE Paper 2009-01-0591, 2009

30 Franchek, M.A., Mohrfeld, J., Osburn, A.: ‘Transient fueling controller
identification for spark ignition engines’, ASME J. Dyn. Syst., Meas.
Control, 2006, 128, pp. 499–509

31 Isidori, A.: ‘Nonlinear control systems’ (Springer-Verlag, London,
1995, 3rd ed.)

32 Astrom, K.J.: ‘Limitation on control system performance’, Eur. J.
Control, 2000, 6, (1), pp. 2–20

33 Franceschi, E.M., Muske, K.R., Jones, J.C.P., Makki, I.: ‘An adaptive
delay-compensated PID air fuel ratio controller’. SAE Paper 2007-01-
1342, 2007

34 Zhong, Q.C.: ‘Robust control of Time-delay systems’ (Springer–
Verlag, London, 2006)

35 Morari, M., Zafiriou, E.: ‘Robust process control’ (Prentice–Hall, New
Jersey, 1989)
1329
© The Institution of Engineering and Technology 2013


