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Abstract— The high penetration of distributed energy re-
sources (DERs) into smart grids has triggered a move to-
wards microgrids with complicated topologies. Droop control
approaches have proven to be the most practical approach to
realize plug and play capability in microgrids. While droop
control methods have been a focal point of research interest
in the power systems control community, most of the previous
works have been devoted to improve the efficiency of droop con-
trollers in microgrids with simple architectures and distributed
generators (DGs) operating in parallel. This paper presents a
new approach to design DG’s output virtual inductance control
loop to improve the reactive power sharing among DGs in
microgrids with meshed topologies. The proposed approach in
this paper utilizes the Kron reduction method and nonlinear
optimization tools to find the optimal values of the DGs’ output
virtual inductances to enhance the reactive power sharing
between DGs’ power electronic inverters.

I. INTRODUCTION

In recent years, a variety of approaches have been pro-
posed to regulate the voltage and frequency of microgrids
and offer a plug and play capability for distributed energy
resources (DERs). Due to the importance of reliability in
microgrid applications, a decentralized control, also known
as droop control, has been presented as a key method to
achieve voltage and frequency regulation and also share
active and reactive powers among distributed generators
(DGs). The main idea behind this approach is to imitate
the behavior of synchronous generators in the conventional
power systems [1], in which active power P and reactive
power Q are controlled by the frequency signal ω and the
voltage magnitude E, respectively.

The droop controllers were originally proposed for grids
with predominantly inductive lines. However, applying this
control method to medium or low voltage microgrids, in
which the feeders have mixed or even resistive impedance,
could result in a poor transient performance due to the cou-
pling between active and reactive powers. Another challenge
in the implementation of the droop controllers is the “reactive
power sharing mismatch”. Since frequency can be considered
as a global signal among the active power and frequency
(P − ω) droop controllers, active power sharing is easy
to achieve [2]. However, realizing accurate reactive power
sharing is hard to achieve due to the voltage differences
at the inverters’ output terminals caused by unequal line
impedances or DGs’ different ratings. To reduce the reactive
power sharing inaccuracy, an adaptive voltage droop scheme
was presented in [3]. A modified droop controller was also
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proposed in [4] to compensate for the effect of voltage drops
caused by the feeder impedances and the local loads through
modifying the droop slopes.

Reviewing recent literature reveals that the output virtual
impedance method has been considered as an ultimate so-
lution to address droop controlled microgrids’ drawbacks.
Implementation of the output virtual impedance loop was
proposed in [6] to eliminate the power coupling. The output
virtual impedance was also employed in [7]. The afore-
described approaches have been successful to address most
of the challenges existing for the power sharing in micro-
grids; however, they have been developed for microgrids
containing DGs operating in parallel or for simple architec-
ture microgrids with radial topologies. Due to the increasing
integration of DERs into the distribution systems, and in
order to improve the reliability of microgrids to deliver power
to the critical loads in the case of feeder failures, modern
microgrids are moving toward complicated networks with
meshed topology [8].

In this paper, a new virtual inductance design approach
is proposed to achieve the reactive power sharing among
DGs in the droop based microgrids with multiple loads and
meshed topologies. The proposed approach is applicable to
microgrids with complex topologies, with which most of the
conventional droop control methods fail to cope. The new
approach utilizes the concept of Schur complement [9] and
the Kron reduction method [10] to reduce the graph corre-
sponding to the microgrid’s network. Then, reactive power
sharing problem is addressed on the reduced model. Finally, a
nonlinear optimization problem is introduced to calculate the
output virtual inductance values to guarantee reactive power
sharing. The proposed process is repeatedly implemented by
energy management system (EMS) at each update interval to
provide the optimal output virtual inductance values based
on the new operating point.

This paper is structured as follows. In Section II, the
principle of conventional droop method and output virtual
impedance are explained. In Section III, the concept of
Kron reduction is presented and the proposed method based
on Kron reduction is described. In Section IV, simulation
results are given and the efficiency of the proposed droop
control method will be demonstrated, and finally Section V
concludes the paper.

II. STRUCTURE OF THE DROOP-BASED
MICROGRIDS

In contrast with the microgrids operating in grid-connected
mode, in autonomous mode, the DGs power electronic in-
verters are responsible for regulating voltage and frequency
of the microgrid. Therefore, in the autonomous mode, the
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Fig. 1. (a) Two voltage source inverters (VSIs) operate in parallel (b) The
effect of line inductance in reactive power sharing accuracy

inverters operate like a voltage source to control the voltage
and frequency and also realize DG plug and play feature. The
frequency and voltage droops are well established methods
to control DGs’ output voltage. Droop control methods have
been devised based on the power flow equations between two
voltage sources separated by a line impedance. The power
flow equations between two voltage sources are given as [1]

P12 =
E1

R2 +X2
[R(E1 − E2 cos δ) +XE2 sin δ], (1)

Q12 =
E1

R2 +X2
[X(E1 − E2 cos δ)−RE2 sin δ], (2)

where E1 is the voltage magnitude of the inverter output, E2

is the bus voltage magnitude, X and R are line inductance
and resistance, respectively, and δ is the phase difference
between E1 and E2. In addition, P12 and Q12 are active
and reactive powers injected by the inverter to the trans-
mission line, respectively. Neglecting the line resistance and
assuming the phase angle to be sufficiently small, the above
equations could be simplified, where the active and reactive
powers would be proportional to the phase angle difference δ
and the voltage magnitude difference (E1−E2), respectively.
Therefore, the conventional droop control takes the following
form

ωi = ω∗ −MPi(P
∗
i − Pi), (3)

Ei = E∗ −MQi(Q
∗
i −Qi), (4)

where Pi and Qi are active and reactive power outputs of
ith DG, respectively, P ∗i and Q∗i are the ith DG dispatched
powers in the grid-connected mode, ω∗ and E∗ are fre-
quency and voltage magnitude at the grid-connected mode,
respectively, and MPi, MQi are frequency and voltage droop
slopes, respectively. Since it is preferred to make each DG
generate active and reactive powers in proportion to its power
capacity, the droop slopes are defined as

MPi =
ω∗ − ωmin

P ∗i − Pmaxi

and MQi =
E∗i − Emin

Q∗i −Qmaxi

, (5)

where Pmaxi and Qmaxi are the maximum active and reactive
power outputs, and ωmin and Emin are minimum allowable
operating frequency and voltage, respectively. However, in

Fig. 2. Voltage control scheme for the DG interfacing inverter equipped
with a conventional output virtual inductance.

the microgrids, the lines and distribution feeders are mixed
impedance that causes a significant coupling between the
active and reactive power flows especially during transients
which could result in a poor transient performance [11].
Furthermore, even for microgrids with simple topology,
achieving a proportional reactive power sharing among DGs
is a challenging task due to the difference in voltage mag-
nitude at the DGs output voltages. Fig. 1(a) shows the
schematic of a small microgrid with two DGs that supply
active and reactive powers to a sensitive load. The Q − E
droop works based on the voltage differences between the
point of common coupling (PCC) voltage and the DG output
voltage to allow an appropriate reactive power flow. For a
highly inductive line, the voltage drop on line impedance
could be approximated as a linear function of DG output
reactive power by [1]

∆Ei = Ei − EPCC '
Xi ×Qi
Ei

, (6)

where ∆Ei is the voltage difference between the ith DG
output voltage and the PCC voltage, i.e., EPCC .

Due to the difference in line impedances or in currents
flowing from DGs to the load, the voltage drops on the
line impedances will be different which causes differences in
the DGs output voltages, hence resulting in reactive power
sharing mismatch. Fig. 1(b) illustrates the reactive power
sharing mismatch when the microgrid is fully loaded. The
DG1 shown in Fig. 1(a) produces more than the maximum
allowable reactive power Qmax1 , while DG2 produces less
than its maximum allowable Qmax2 [4].

A. Output virtual impedance control loop
The output virtual impedance was initially proposed in

order to mimic the behavior of large inductances at the
output of the DG’s inverter to eliminate the P −Q coupling
in low voltage (LV) microgrids, where the grid interactive
uninterruptible power supplies (UPS) are connected directly
to PCC with resistive feeders. In most virtual impedance
applications, the added impedance is a pure inductance to
make the output impedance highly inductive [5]. To imitate
the effect of an inductance at the output of an inverter, the
line current is fed back to create virtual inductor voltage drop
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that is then subtracted from the reference voltage (output of
the droop controller) to produce the final voltage reference,
which should be tracked by voltage and current controllers.
Fig. 2 shows a DG controlled by droop controllers along with
output virtual inductance loop responsible for mimicking the
behavior of a real inductor located exactly at the inverter’s
output. For multiple DGs operating in parallel (see Fig. 1(a)),
adding a virtual inductance at the inverters output leads to
an increase in total inductance Lti = Lli +Lviri , where Lli is
the line or feeder inductance, and hence, the power coupling
would be diminished. In addition, if Lviri ’s are selected such
that all the Lti’s become equal, then the reactive power
sharing is achieved.

III. REACTIVE POWER SHARING IN
MICROGRIDS WITH A COMPLEX TOPOLOGY

In this section, a new approach is proposed for the design
of output virtual inductances to improve reactive power
sharing among DGs when the droop controllers are used
in the microgrids with complex topologies. To analyze the
reactive power sharing in meshed microgrids, we propose
to use the so-called Kron reduction (also known as ward-
equivalent [12]) method. Kron reduction is a powerful tool in
circuit analysis and related applications employed to obtain
lower dimensional electrically-equivalent circuits. Through-
out this section, the notation presented in [10] is employed
to establish the proposed method of this paper for reactive
power sharing in microgrids with complex topology.

An autonomous microgrid with n buses and l lines is
considered here represented by an undirected, connected and
weighted graph G = (In, ε, A), where In = {1, ..., n} is the
node set set and ε is the edge set. Also, the set of DG nodes
(nodes which connect the DGs to the coupling inductance) is
denoted by α ⊆ In with the cardinality of |α| and A ∈ Rn×n
is the adjacency matrix which is symmetric and irreducible.

Aij =

{
1

xij+xviri
if i 6= j, i ∈ α, j ∈ In \ α , {i, j} ∈ ε

1
xij

if i, j ∈ In \ α, {i, j} ∈ ε
(7)

where xij , xii and xviri are the line inductance, reactive load
and DGs’ virtual inductance value, respectively. A positive
off-diagonal element Aij induces a weighted edge {i, j} ∈ ε
representing the susceptance of the line that connects bus
i to bus j, and a positive diagonal element Aii induces a
weighted self-loop {i, i} ∈ ε representing the susceptance of
the reactive load located at bus i. The Laplacian matrix L
corresponding to the graph G is defined as

Lij =


−Aij if i 6= j

n∑
k=1,k 6=i

Aik if i = j.
(8)

A loopy Laplacian matrix is defined as Q(A) = Q , L +
diag({Aii}ni=1) ∈ Rn×n or

Qij =


−Aij if i 6= j
n∑
k=1

Aik if i = j.
(9)

Let Q[α, α] denote the sub-matrix of Q obtained by taking
the first |α| rows and columns, and define the shorthands
Q[α, α) = Q[α, In \ α], Q(α, α] = Q[In \ α, α] and
Q(α, α) = Q[In \α, In \α]. Without the loss of generality,
the graph could be arranged so that the relationship between
the DGs’ current injections I[α] = [iDG1

, . . . , iDG|α| ]
T , the

DGs’ output voltages V[α] = [VDG1 , . . . , VDG|α| ]
T and other

buses’ voltages V(α) = [V|α|+1, . . . , Vn]T is represented as[
I[α]

0

]
= −j

[
Q[α, α] Q[α, α)

Q(α, α] Q(α, α)

][
V[α]

V(α)

]
, (10)

where j =
√
−1. The (|α| × |α|)-dimensional Kron-reduced

matrix Qred is defined as the Schur complement of Q with
respect to the block Q(α, α) or

Qred , Q/Q(α, α)

= Q[α, α]−Q[α, α)Q−1(α, α)Q(α, α].
(11)

Lemma 3.1: Consider the microgrid network represented
by the adjacency matrix (7), and assume that all DG buses are
boundary nodes, i.e., will be preserved after applying Kron
reduction, and that all other buses are considered as interior
nodes, i.e., those nodes that will be eliminated. Then, the
following statements are true:
(a) The Kron reduced matrix Qred exists and is a strictly
loopy Laplacian matrix.
(b) All the nodes in the corresponding reduced graph have
self loops.

Proof: Since the adjacency matrix is a symmetric
irreducible matrix, so will have the corresponding loopy
Laplacian matrix Q. Now, since Q is a symmetric irreducible
loopy Laplacian matrix, Qred exists, based on Lemma II.1-
1 in [10]. In general, there exists at least one local load
in microgrids, and hence Q corresponding to the microgrid
network is always strictly loopy. According to Lemma II.1-2
in [10], Qred is strictly loopy since Q is strictly loopy, and
this completes the proof of statement (a).

Suppose without the loss of generality that the microgrid
network Q are connected. Therefore, between two nodes
i, j ∈ α, there is a path that passes through the nodes
belonging to (In \α)∪{i, j}. Consequently, it is concluded
that each pair of nodes in Qred is connected by an edge
based on Theorem III.4-1 in [10]. Also, the connectivity of
Q implies that there is a path from all i ∈ α to a loopy
interior node j ∈ In\α. Therefore, according to Theorem
III.4-2 in [10], each node in the reduced graph Qred has a
self loop, and this completes the proof for statement (b).

The above lemma implies that instead of the original
(possibly large ) microgrid, we can study the reactive power
sharing on its equivalent reduced network. The adjacency
matrix associated with the microgrid’s reduced model Ared
is defined as

Ared , −Qred + diag({
|α|∑

j=1,j 6=i

Qredij}
|α|
i=1). (12)

Based on Lemma 3.1, in reduced model all DGs would
have local loads. As an illustrative example, Fig. 3(a) shows
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a microgrid with several loads and meshed topology with
its reduced equivalent microgrid shown in Fig. 3(b). As
shown in this figure, in the reduced model, all the DGs
have a local load and also connect directly to each other. As
expected, the Kron reduction transforms a large microgrid to
a small equivalent model with dense connections among the
boundary nodes.

Using (4), to achieve accurate reactive power sharing,
all the inverters should operate at the same output voltage
level. The following theorem gives a condition for achieving
reactive power sharing.

Theorem 3.2: The DGs in the microgrid network repre-
sented by (7) share the reactive power accurately if and only
if the adjacency matrix of the reduced network Ared satisfies

Ared11 = Ared22 = . . . = Ared|α| |α| . (13)

Proof: Assume that (13) is satisfied. Post-multiplying
Qred by all-ones vector results in

Qred ×~1 =


∑n
k=1A1k −

∑n
k=1,k 6=1A1k

...∑n
k=1A|α|k −

∑n
k=1,k 6=|α|A|α|k

 = Ared11~1

⇒ (Qred −Ared11I)~1 = 0. (14)
where I is the identity matrix. Based on (14), Ared11 and ~1
are respectively the eigenvalue and the eigenvector of matrix
Qred. Hence, A−1red11 and ~1 are respectively the eigenvalue
and the eigenvector of the matrix Q−1red and hence

(Q−1red −
1

Ared11
I)~1 = 0⇒ Q−1red

~1 =
1

Ared11
~1. (15)

By considering (15), the output voltages of inverters are
obtained as

V[α] = Q−1redI[α] = Q−1red
~1Iinv =

Iinv
Ared11

~1. (16)

where Iinv is the inverters currents injected to network.
Based on (16), the inverters output voltages are equal,
which implies an exact reactive power sharing among DGs.
Proof of the converse is straightforward by following similar
arguments.

Using the method proposed in this paper, the values of virtual
inductances are selected such that when the microgrid is
reduced, all nodes in the equivalent reduced model have
the same local loads in order to achieve reactive power
sharing based on Theorem 3.2. Therefore, to achieve reac-
tive power sharing, the system of nonlinear equations (13)
should be solved with respect to the variables Xvir =
[xvir1 , . . . , xvir|α| ]

T . Elements of the adjacency matrix Ared
are rational functions of the variables xvir1 , . . . , xvir|α| . Based
on equation (11), the least common denominator of the
elements of Ared is the determinant of the matrix Q. By
multiplying (13) by the determinant of Q, a system of
polynomial equations is obtained, which is underdetermined
because the number of polynomial equations (|α| − 1) is
one less than the number of variables (|α|). The solution to
the underdetermined system of polynomial equations is not

Fig. 3. (a) A microgrid with a meshed topology and five DGs; (b) The
graph representation of the microgrid’s Kron reduced model.

unique because if Xvir = [xvir1 , . . . , xvir|α| ]
T is a solution set

to the underdetermined system of equations, then [xvir1 +
β, . . . , xvir|α| + β]T , where β is a real number, will also be
a solution set. However, every solution set would provide
reactive power sharing among DGs at the desired operating
point.

Although the proposed design method could lead to the
reactive power sharing at the desired operational point, any
change in loads specially those close to a DG could result
in a considerable reactive power mismatch. It is desired
to control the microgrids without the need for high-band
communication links, and hence the proposed method should
be made robust against changes in the loads. Such a robust
design can guarantee that each inverter can meet the design
specifications, and in particular reactive power sharing, even
without the knowledge of the load changes at other nodes.
To investigate the effect of varying loads on reactive power
sharing, let us consider the DGs’ buses (n1, . . . , n5) and their
neighboring buses (n6, . . . , n10) in Fig. 3(a) as the boundary
nodes and rest of the buses as interior nodes. By applying
the Kron reduction method to the microgrid example shown
in Fig. 3, the reduced model of microgrid with the topology
shown in Fig. 4 is obtained.

We next propose two scenarios for the development of
a reduced model allowing to investigate the effect of load
changes on the reactive power sharing. In the first scenario,
it is assumed that the microgrid experiences a balanced
change in its loads. In this case, the equivalent loads in
the reduced model (e.g., self loops on n6, . . . , n10 in Fig.
3(a)) would experience the same change, and hence the
reactive power sharing will be preserved under balanced
changes in microgrid loads. In the second scenario, it is
assumed that only one load in the equivalent model changes.
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Fig. 4. The graph representation of the reduced microgrid with five DGs,
in which DG buses (outer nodes) and their neighboring buses (inner nodes)
are considered as boundary nodes.

It is worth noting that this is a truly pessimistic scenario in
microgrids since an increase even in one load will cause an
increase in all other ones in the equivalent reduced model.
The proposed load change is the same with the existence of
local loads causing a considerable reactive power mismatch
in DGs parallel operation as described in [4]. To minimize
the effect of this load change on the reactive power sharing,
the effective inductances between all DGs and the proposed
load should be as close as possible to each other for all the
possible cases. It is noted that the edges connecting inner
nodes vary by changing microgrid loads, and hence the effect
of the inner edges variations on effective inductances should
be minimized. To achieve this, in the proposed method, the
values of virtual inductance should be maximized. It should
be also considered that the voltage differences between DG
buses and load buses should be maintained within an accept-
able range. Therefore, to cope with unbalanced changes in
microgrid loads, we modify the design problem as finding
the solution to the following optimization problem

maximize
Xvir

|α|∑
i=1

xviri

subject to: equations in (13) (17)
and xmini ≤ xij + xviri ≤ xmaxi for i ∈ α, {i, j} ∈ ε,

where the inequality constraints guarantee stability and
power quality of the microgrid. The above optimization
problem can be solved since the objective function is linear
and equation (13) is an underdetermined system of poly-
nomial equations [13]. By applying the proposed method,
an acceptable power sharing among DGs in microgrids
even with complicated topologies could be achieved. It is
noted that the values of virtual output inductances would be
updated at every energy management system (EMS) update
interval. This means that EMS, which has a slower time
scale compared to the droop controllers, carries out the
calculations involved in the proposed method at every update
interval based on the values of loads and microgrid current
topology (in the case of the DGs or lines outages). Therefore,
the proposed method is sufficiently accurate to cope with the
load changes around the operating points, based on which the
output virtual inductance design had been done.

IV. SIMULATION RESULTS AND DISCUSSION
To examine the efficacy of the proposed approach to im-

prove the reactive power sharing in microgrids with meshed
topology, a microgrid with three similar DGs, as shown in
Fig. 5 is simulated in MATLAB/Simulinkr. The DGs’
droop parameters and loads’ characteristics are shown in
Table I. It is noted that the dynamics of power electronics
inverters’ switching is neglected here, and it is assumed that
the inverters can track the voltage references instantaneously.

TABLE I
THE MICROGRID’S SIMULATION PARAMETERS

Parameter Value
Nominal voltage (rms) 104V
DGs minimum voltage (rms) 98V
DGs maximum active power 500W
DGs maximum reactive power 500Var
Dispatched powers in grid-connected mode 175W, 75Var
load1 (active and reactive) 9Ω, 50mH
load2 (active and reactive) 9Ω, 100mH
Lines’ resistance 0.3Ω

Fig. 5. Topology of the test microgrid with three DGs and two loads.

In the first simulation, all DGs are assumed to have the
same output virtual inductance of 2mH . At t = 3sec,
load1 is doubled and at t = 5sec, load2 is doubled. The
reactive power outputs of all three DGs are shown in Fig.
6. As shown in this figure, there is a large reactive power
mismatch between DGs especially between DG1 and DG3.
Also, the reactive power sharing mismatch becomes worse
as the loads increase. In the second simulation, the output
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Fig. 6. The DGs’ output reactive powers using conventional design with
2mH output virtual inductances for all DGs.
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virtual inductances are determined by solving the algebraic
equations in (13). The inductances of Lvir1 = 1.293mH ,
Lvir2 = 1.059mH and Lvir3 = 0.5mH are one set of solution
to (13). These values are then used to design the virtual
output inductances. Fig. 7 illustrates the DGs’ output reactive
power for the system that uses the designed inductance
values. As shown in this figure, at the operating point the
three DGs produce almost the same amount of reactive power
(231V ar). It is noted that the small difference between
the DGs’ reactive power is because of the effect of active
power loads flowing through the transmission lines. After an
increase in load1 at t = 3sec, there is a noticeable mismatch
between the output reactive powers of DGs, which is due to
that only the load close to DG1 has been increased. After
an increase in load2, the three DGs provide a much closer
reactive power as expected.
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Fig. 7. The DGs’ output reactive powers obtained by solving the algebraic
equations in (13).

For the last simulation, the virtual inductance values are
obtained by solving the optimization problem in (17). By
applying the proposed method, the virtual reactances are
obtained as Lvir1 = 3.398mH , Lvir2 = 3.148mH and Lvir3 =
2.580mH . Fig. 8 illustrates the output reactive powers for
the same load changes as in the second simulation using the
determined inductances. Comparing this figure with Fig. 7
shows that although both methods are successful to achieve
an acceptable reactive power sharing at the operating point
and balanced increase in loads, applying the latter approach
would result in a better reactive load sharing when only one
load is increased. Therefore, the proposed approach is able
to yield a reactive power sharing among DGs equally even
if the microgrid experiences severe unbalanced load increase
(only load1 was doubled at t = 3sec).

As the configuration of a microgrid, its participating DGs
and operating points change over time, the values of virtual
inductances should be updated by the energy management
system (EMS) at each update interval (several minutes); we
propose to do this through solving the optimization problem
in (17) for the updated microgrid configuration.

V. CONCLUDING REMARKS

This paper has addressed the reactive power sharing chal-
lenge among distributed generators (DGs). The proposed
approach utilizes the design of output virtual inductances
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Fig. 8. The DGs’ output reactive powers determined by solving the
optimization problem in (17).

and exploits the Kron reduction technique to investigate
reactive power sharing on the reduced, simplified model.
The proposed approach is then robustified against microgrid
unbalanced loads variations. The simulation results have
confirmed the efficiency the proposed approach to preserve
reactive power sharing under severe unbalanced load changes
in microgrids with meshed topology.
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