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Abstract— In this paper, we design and implement a gain-
scheduling controller for a parallel structure robotic platform
(that we name ROBOCATH) developed to be used in intracar-
diac interventions under beating-heart conditions. The primary
mission for this manipulator is to safely steer the cardiac
catheters inside the left ventricle to reach any desired target
points under magnetic resonance imaging (MRI) guidance. In
this paper, we first derive a reduced-order dynamic model of the
robot based on the Lagrange method to capture the nonlinear
dynamics of the platform. The model is then used for the design
of a state feedback linear parameter varying (LPV) controller to
command the robot to position the catheter in any desired state.
During the controller design process, appropriate selection of
scheduling parameters not only helps hide the nonlinearities
of the system dynamics but also leads to a set of decoupled
models for the structure, where each degree of freedom could
be treated separately. The performance of the controller is
compared with a variable-gain proportional-derivative-integral
(PID) controller designed in our earlier work. The experimental
results show that the proposed control scheme has significant
advantages in terms of implementation, set point tracking and
actuator saturation over the baseline PID controller.

I. INTRODUCTION

Development of medical robots to assist with surgical

operations has become an area of significant research interest

for the past couple of decades [7]. These robots are employed

in a wide range of applications from prostate needle place-

ment [5] and kidney transplant [8] to brain surgery [6] and

artery bypass [2]. The fast evolution of surgical robots in

the last two decades has motivated roboticists and surgeons

to take further steps and examine the feasibility of using

automated platforms for more sophisticated interventions.

Intracardiac intervention under beating-heart conditions is

one of those operations, which has attracted lots of attentions

recently [9], [16]. To cope with strict medical constraints

imposed in this intervention and to develop a reliable,

accurate and dexterous robotic platform that can successfully

assist in performing the operation, several challenging issues

have to be addressed.

The present study focuses on the design of a model-

based controller for a parallel structure robotic platform that

is intended to assist with beating-heart intracardiac aortic

valve replacement under magnetic resonance imaging (MRI)

guidance. The interested reader is referred to [15] for more

details on the mechanical design and characteristics of the

platform. In our earlier work, we evaluated the performance
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of the platform using simple ON-OFF and discrete variable-

gain PID control schemes [14]. Neither one of these control

design approaches used a dynamic model of the platform,

and the gain tuning of the controllers was ad-hoc. To achieve

an improved system performance, as well as a more system-

atic design procedure, in this paper, we seek to develop a

model-based controller that could also capture the dynamics

of the robot and generate actuation commands to position

and orient the catheter with higher levels of accuracy.

For the simplicity of implementation and avoiding devel-

opment of complex dynamic models, majority of industrial

robots are manipulated with individual joint proportional-

integral-derivative (PID) controllers [13]. This control de-

sign approach is simple and practical since each joint is

controlled separately regardless of its interconnection with

other elements of the robot. In spite of its practicality for

a large family of industrial robots, in cases where high

precision and extreme reliability are mandated for a plat-

form to accomplish specific missions, development of more

complex model-based controllers is accentuated. Considering

that the nonlinear control approaches involve difficulties

in the design and implementation, a more convenient and

systematic alternative to design model-based controllers is to

rely on linear control design methods [3]. One strategy that

suitably allows for hiding the nonlinearities of the system

dynamic equations is the so-called linear parameter varying

(LPV) modeling which has been widely examined for a range

of real-world applications [11]. This approach converts the

actual nonlinear model of the system into a simpler linear

model effective for control design purposes, provided that

some parameters are measured in real-time.

The main contribution of the present paper is to examine

the effectiveness of design and implementation of a state-

feedback LPV controller for the aforementioned parallel

robotic platform. To this aim, we first briefly review the

design of the platform, as well as the configuration of the

cable transmission system. Following the derivation of the

kinematic equations, a reduced-order dynamic model of the

platform is developed using Lagrange method. This method

although does not fully capture the dynamic nature of the

platform, it well serves as a baseline model for designing a

model-based controller. Consequently, a state-feedback LPV

controller is designed, where the control gain is dependent

on the scheduling parameters. To evaluate the performance

of the designed LPV controller, we utilize our experimental

setup and compare the response of the system using the LPV

scheme with our previously designed baseline PID controller.
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II. DESIGN OF THE PLATFORM

In this section, we briefly describe the mechanism design

and transmission system for ROBOCATH. This platform is

expected to accomplish in-plane positioning and orientation

of the catheter’s tip.

A. Design of the Mechanism
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Fig. 1. Parallel mechanism

The detailed mechanical design of ROBOCATH is de-

picted in Fig. 1. Two identical cylindrical mechanisms in-

terconnected vertically form the basic structure of the robot.

Each subsystem consists of a fixed outer ring and a rotating

inner ring. The outer cylinder is attached to the casing and

hence forms the platform base. A radial bearing at the bottom

section of each level makes it possible for the inner rings to

rotate with respect to the base. The remaining two degrees

of freedom produce the linear motion for the two carriers

sliding over the guide bars. The rotational motions along with

the two prismatic displacements form the desired four active

degrees of freedom. Those four active joints will be actuated

by motors through a cable transmission system. Each carrier

has a universal joint at its center acting as a liaison between

the platform and the catheter. The passively actuated uni-

versal joints can eventually place the catheter in any desired

orientation. While the distance between catheter’s tip and the

lower universal joint is kept constant, the distal end of the

catheter is left to move freely with respect to the upper joint.

B. Design of the Actuation System

Placing the actuators outside the MRI scanner area en-

ables us to employ conventional electric motors to drive

the robot joints. However, this arrangement necessitates the

development of a cable transmission system that allows us

to remotely control the platform. Our current transmission

system uses two closed chains of plastic ropes for each level

of the platform. Fig. 2 demonstrates the transmission system

for one of the levels. In this configuration, the closed chains

numbered 1 and 2 correspond to linear and rotational degrees

Fig. 2. Transmission system

of freedom, respectively. These chains transmit the power

from DC motors (numbered 5 and 6) to the corresponding

connection points on the mechanism (numbered 3 and 4).

Different sets of pulleys that are considered in between not

only guide the cables to pass the desired paths (numbered 7

and 8) but also significantly reduce the friction (numbered

9).

In order to precisely perform the positioning task, a sophis-

ticated controller design is crucial to provide the motors with

appropriate commands. The structure of the control loop and

the controller design approach will be discussed later in more

details. We note that the controller uses the current position

of the carriers at each level, i.e., the amount of rotation of

the rotating ring and the displacement of the carrier in the

corresponding coordinate system. To this aim, we equip the

motors with encoders attached directly to the motor shafts

and use the encoder signals in the controller. Referring to

Fig. 2, the encoder attached to the motor 6 can determine

the rotation of the rotating ring (denoted by θ ) as

θ =
Rp

Rr

θ6, (1)

where Rp is the radius of the pulley, Rr is the radius of

the rotating ring and θ6 is the angle of the motor shaft 6

obtained from encoder data. In addition, the position of the

carrier (denoted by r) is obtained as

r = Rpθ5 −Rpθ6, (2)

where θ5 is the angle of the motor shaft 5 obtained from

encoder data. The subtraction in the aforementioned equation

compensates for the coupling that exists between two degrees

of freedom.

III. DERIVING THE DYNAMIC EQUATIONS AND

STATE-SPACE MODEL

Several approaches have been proposed in the literature

to derive the dynamics of parallel platforms, e.g., using

Newton-Euler method [4]. However, an intricate dynamic

model is not favorable for the control design purposes. In

this study, we obtain a less detailed dynamic model of the

proposed parallel mechanism using Lagrange method [10].

Referring to Fig. 1, at each level, the rotation of the ring and
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its attachments, translation of the carrier and the motion of

the catheter inside the workspace mainly contribute to the

dynamics of the system. To reduce the level of complexity

in the model to allow its practicality for the control design

purposes, we neglect the catheter’s dynamics and replace it

by reaction forces applied to the catheter holders. This leads

to two identically decoupled systems associated with moving

components at the two levels. Later, within the control design

process, the aforementioned reaction forces are treated as

exogenous disturbance signals.

The total kinetic energy of each level is obtained to be

K = Krot +Ktrans

=
1

2
Irzzθ̇

2 +
1

2
(Iczz +mcr2)θ̇ 2 +

1

2
mcṙ2,

where Irzz is the moment of inertia of the ring, Iczz and

mc are the moment of inertia and the concentrated mass

of the carrier, respectively. Since at each level, we only

have in-plane motions, potential energy P remains constant.

Therefore, the Euler-Lagrange equation becomes

d

dt

∂L

∂ q̇ j

−
∂L

∂q j

= τ j ( j = 1,2)

where L = K − P is the Lagrangian, [q1,q2] = [θ ,r] are

the generalized coordinates, and [τ1,τ2] = [M6,F5] are the

generalized forces. Here, M6 represents the torque exerted to

the ring by motor 6 and F5 is the force applied to the carrier

by motor 5. As a result, we have

d

dt

[

(Irzz + Iczz +mcr2)θ̇
mcṙ

]

−

[

0

mcrθ̇ 2

]

=

[

M6

F5

]

,

or equivalently

(Irzz + Iczz +mcr2)θ̈ +2mcrṙθ̇ = M6

mcr̈−mcrθ̇ 2 = F5. (3)

Table I shows the quantities associated with the physical

parameters in (3) for our prototyped parallel structure. Also

TABLE I

PHYSICAL PARAMETERS OF THE PLATFORM

Physical parameter Quantity Unit

mc 5.8 g

Irzz 1143 g.cm2

Iczz 14.5 g.cm2

due to the kinematic constraints, the joint space for each

level is

−4cm ≤ r ≤ 4cm, −80◦ ≤ θ ≤ 80◦. (4)

Defining the state variables as x1 = r, x2 = ṙ, x3 = θ and

x4 = θ̇ yields the following state-space representation of (3)

ẋ1 = x2

ẋ2 = x1x2
4 +

F5

mc

+d1

ẋ3 = x4

ẋ4 =
−2mcx1x2x4

Irzz + Iczz +mcx2
1

+
M6

Irzz + Iczz +mcx2
1

+d2. (5)

Since for the actuation purposes, DC motors are utilized to

generate the desired torques, we can replace F5 in (5) by

M5/Rp, where M5 is the torque applied by the DC motor

5. In the above equations, the terms d1 and d2 are added

intentionally to take into account the effect of the external

disturbance inputs that include any undesired exogenous

inputs interfering with the normal operation of the system

such as the friction forces between moving components and

the previously discussed neglected effect of the catheter’s

dynamics, which is considered as a dynamic reaction force

exerted on the holder. We will later show that only by

knowing that the disturbance inputs are energy bounded, an

H∞ controller can be designed to minimize their effect on

the system output. Although the obtained model is highly

nonlinear, by introducing some new parameters that can be

measured in real-time, we will be able to reformulate it as a

parameter-dependent linear system, to which we can apply

the well-established LPV control methods. Next, we describe

the development of the LPV model.

A. LPV Model of the System Dynamics

To obtain an LPV description of the nonlinear model (5),

we introduce the parameter vector ρ = [ρ1,ρ2,ρ3]
T , known

as the scheduling parameter vector, to be

ρ1 = θ̇ 2 , ρ2 =
−2mcrṙ

Irzz + Iczz +mcr2
, ρ3 =

1

Irzz + Iczz +mcr2

Then, a quasi LPV model can be obtained as

ẋ(t) = A(ρ(t))x(t)+B1(ρ(t))d(t)+B2(ρ(t))u(t) (6)

where

A(ρ) =











0 1 0 0

ρ1 0 0 0

0 0 0 1

0 0 0 ρ2











, B1(ρ) =











0 0

1 0

0 0

0 1











, B2(ρ) =











0 0
1

Rpmc
0

0 0

0 ρ3











and

d(t) =

[

d1(t)

d2(t)

]

, u(t) =

[

M5(t)

M6(t)

]

,

are the exogenous disturbance and control input vec-

tors, respectively. As observed, by defining aforementioned

scheduling parameters, the nonlinearities in the model be-

come hidden. We note that the scheduling parameter vector

includes three variables which reckon on the distance r,

linear velocity ṙ and the angular velocity θ̇ . Only r and θ
are measurable in real-time by means of (1) and (2) and

those are the values that the encoders provide. To acquire all

the measurements, linear and angular velocities are produced

either by taking derivative of the r and θ over time or can

be calculated indirectly from the DC motor speed-torque

profile. For the latter case, the associated calculations are

presented in Appendix of this paper. In addition, most of the

commercial hard drivers output some signals for monitoring

purposes including the rotor current and angular velocity of

the rotor shaft that can be used to calculate the parameter

vector.
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It is noted that the parameter ρ2 in (6) could be alterna-

tively chosen to be

−2mcṙθ̇

Irzz + Iczz +mcr2
or

−2mcrθ̇

Irzz + Iczz +mcr2
. (7)

However, (6) results in a decoupled state-space representa-

tion for each degree of freedom. That is, for the translation

degree of freedom we have
[

ẋ1(t)

ẋ2(t)

]

=

[

0 1

ρ1 0

][

x1(t)

x2(t)

]

+

[

0

1

]

d1 +

[

0
1

Rpmc

]

M5, (8)

and for the rotation degree of freedom we have
[

ẋ3(t)

ẋ4(t)

]

=

[

0 1

0 ρ2

][

x3(t)

x4(t)

]

+

[

0

1

]

d2 +

[

0

ρ3

]

M6. (9)

This results in two decoupled control loops that simplifies

the design. In those decoupled state-space LPV represen-

tations, we may conveniently replace the motor torque M5

(M6) with KMI5 (KMI6), where KM and I5 (I6) are the torque

constant and the rotor current of the DC motor, respectively.

IV. CONTROL DESIGN PROCEDURE

The control design process begins by employing the

inverse kinematic of the system to convert the desired refer-

ences defined in the workspace to the joint-space parameters.

That is, given the desired position of the catheter, first we

obtain the corresponding translation and rotation degrees

of freedom at both levels of the platform. Then, utilizing

the encoders’ data, we measure the current values of joint

parameters through (1) and (2) and compare them with the

desired references. The controller then acts on the error

signal and provides the motor driver with an appropriate

command.

A. Gain-scheduling Control Design

In the H∞ control design method, a feedback controller

is sought to stabilize the closed-loop system and satisfy a

prescribed level of performance to achieve reference tracking

and disturbance attenuation. To this aim, the first step is

to select a pair of inputs and outputs to reflect the system

performance requirements and then design a controller by

minimizing the maximum energy-to-energy gain of the cor-

responding transfer matrix. In this study, since all the states

of the system are either measured or computed indirectly, the

H∞ state-feedback is chosen as the control strategy. Consider

the following state-space representation for an LPV system

ẋ(t) = A(ρ(t))x(t)+B1(ρ(t))d(t)+B2(ρ(t))u(t)

z(t) = C1(ρ(t))x(t)+D11(ρ(t))d(t)+D12(ρ(t))u(t), (10)

where x(t) ∈ R
n is the state vector, z(t) ∈ R

nz is the vector

of controlled outputs (representing a predefined performance

like tracking error), d(t) ∈ R
nd is exogenous disturbance

vector containing the desired reference inputs and process

noise signals with finite energy, and u(t)∈R
nu is the control

input vector. The LPV parameter vector ρ(t) is assumed to

be measurable in real-time and belong to a set of allowable

1
d
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r r

rɺ
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u
W

u
z

e
z

+

- 1
( )G ρ

1
( )K ρ

w=

z =

1

se

Fig. 3. state-feedback controller in the LFT configuration

parameter trajectories wherein the parameter trajectories and

the rates of variation are bounded, i.e., ρ ∈ F v
P

with

F
v
P ≡ {ρ(t) ∈ P, |ρ̇i(t)| ≤ vi i = 1,2, ...,s},

where P is a compact set of R
s. The H∞ state-feedback

controller seeks for

u(t) = K(ρ(t))x(t) (11)

to minimize the energy-to-energy gain of the system

from disturbance d(t) to output z(t). Alternatively, the γ-

suboptimal H∞ control problem seeks for a controller that

yields the energy-to-energy gain less than a positive scalar

γ . It is noted that the γ-suboptimal design guarantees that

the output vector energy will be bounded by γ‖d‖L2
for

all possible bounded energy disturbance inputs d(t). In the

current study, the control design objective is not only to track

a reference trajectory and reject the exogenous output distur-

bances, but also to keep the control action below a threshold

due to the maximum torque limitation on DC motors. To

ensure the reference tracking, we augment an integrator with

the open-loop system. We also use a static weight to specify

the desired magnitude of control effort. Fig. 3 shows the

augmentation of the aforementioned integrator and weighting

function with the open-loop system corresponding to the

translation degree of freedom along with the state-feedback

controller. It is noted that the configuration of the control

loop corresponding to the rotation degree of freedom is

similar to Fig. 3. Here, G represents the system of equation

(8), and the need for measuring the scheduling parameter

is implicit. Next, we present the solution to the sub-optimal

control design problem.

B. State-feedback LPV Control Design Formulation

In this section, we provide the H∞ state-feedback control

design formulation in terms of a linear matrix inequality

(LMI) problem.

Theorem 1: Assuming that the augmented system Gaug

in Fig. 3 is described by the state-space representation

(10), there exists a state-feedback control law (11), which

stabilizes the system and guarantees an upper bound γ on

the energy-to-energy gain of the closed-loop system for all

admissible parameters ρ , if there exist a positive-definite
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Fig. 4. Experimental setup including: (1) platform, (2) end effector (Catheter), (3) DC motors, (4) transmission system, (5) motor driver board, (6)
dSPACE real-time control and data acquisition system, (7) power supply, (8) tension adjustment mechanism

parameter-dependent X(ρ) ∈R
n×n and parameter-dependent

W (ρ) ∈ R
nu×n such that







Ẋ(ρ)+A(ρ)X(ρ)+X(ρ)AT (ρ)+B2(ρ)W (ρ)+W T (ρ)BT
2 (ρ)

BT
1 (ρ)

C1(ρ)X(ρ)+D12(ρ)W (ρ)

B1(ρ) X(ρ)CT
1 (ρ)+W T (ρ)DT

12(ρ)

−γ2I DT
11(ρ)

D11(ρ) −I






< 0. (12)

Then, the parameter-dependent state-feedback controller

gain is determined by

K(ρ(t)) =W (ρ(t))X−1(ρ(t)). (13)

Proof: Please refer to [12].

A standard approach to solve the parameterized LMIs such

as the one in Theorem 1 is to initially pick some basis

functions to represent the dependency of the matrix variables

on the LPV parameters [1]. One particular choice is to

select the LMI variables X and W to be constant (parameter-

independent) to simplify the formulation; this choice, how-

ever, might lead to a poor performance in terms of the H∞

norm of the closed-loop system. Another widely used choice

of the matrix functions is a first order polynomial in terms

of the scheduling parameters, that is

X = X0 +ρX1 and W =W0 +ρW1.

It is noted that for any ρ in the parameter space, the infinite-

dimensional LMIs in Theorem 1 should hold true. To handle

the aforementioned infinite-dimensional problem, the param-

eter space is gridded and a finite-dimensional set of LMIs is

solved at the grid points and then checked on a finer grid. To

this purpose, the parameter space should be determined. In

our case, referring to (4), the range of variation for r and θ
are given. Assuming that the rotating ring is not sweeping a

quadrant in a second, we obtain θ̇ ∈ [−π/2,π/2](rad/sec).
Similarly, we assume that θ̈ ∈ [−π/2,π/2](rad/sec2), ṙ ∈
[−0.04,0.04](m/s) and r̈ ∈ [−0.04,0.04](m/sec2). Accord-

ingly, the range of variations for the LPV parameters (6) are

attained. Table II summarizes the range of variation for the

scheduling parameters in (6), as well as the corresponding

rate of variations. It is noted from Ẋ(ρ) = ∂X
∂ρ

ρ̇ that since

TABLE II

RANGE AND RATE OF VARIATIONS FOR SCHEDULING PARAMETERS

Parameter Range Rate

ρ1 [0 2.467] [-4.9348 4.9348]
ρ2 [-0.171 0.171] [-0.4145 0.4145]
ρ3 [7959 8639] [-0.215 0.215]

ρ̇ appears affinely in (12), it is only required to solve the

LMIs at vertices of ρ̇; hence, Ẋ(ρ) can be replaced with

∑
3
i=1±

(

vi
∂X
∂ρi

)

. Once the LMIs are solved, the controller

gain is then computed from (13) and implemented in real-

time based on the real-time calculation of the LPV parameter

vector ρ(t) using the available measurements.

V. EXPERIMENTAL RESULTS

Fig. 4 shows the experimental setup built to evaluate

the system performance. In this setup, we use four motors

(numbered 3) to fully actuate the platform (numbered 1). The

shaft of the motors are attached to the pulleys by means of

couplers. We use nylon cables wrapped around the pulleys

twice to avoid slippage. The designed controller is imple-

mented in dSPACE real-time control system to actuate the

motors. In order to evaluate the effectiveness of the proposed
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control scheme, a varying set point tracking mission for

translational DOF of the upper level is examined. In this

experiment, the lower level of platform is fixed. Indeed, the

catheter undergoes a pendulum-like motion, for which the

LPV controller attempts to guarantee the acceptable perfor-

mance. As shown in Fig. 5, while the overshoot percentage

remains constant, implementation of the LPV scheme leads

to noticeable reduction in settling time compared to the case

where the platform is equipped by a PID controller. Also,

it could be acknowledged that as the set points become

larger, this enhancement turns out to be more observable.

This addresses the weakness of PID approach in generating

proper control commands for the large set points without

exceeding the maximum capacity of the actuators. In other

words, implementation of the proposed LPV scheme results

in significant improvement in terms of saturation issue over

the baseline PID design. As illustrated in Fig. 6, while in

tracking a 5.5 cm set point (from -2.5 cm to 3 cm at t=100s),

PID scheme produces a control effort equal to 150% of the

maximum capacity of the actuators, this value is reduced to

less than 50% in linear parameter varying method.
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VI. CONCLUDING REMARKS

In this paper, we propose a model-based gain-scheduling

control design to provide desirable level of performance

in terms of precision for ROBOCATH to assist with such

sophisticated interventions. Benefiting from a reduced-order

dynamic model derived from the Euler-Lagrange equation,

a state-feedback LPV control scheme is designed and im-

plemented for the developed parallel robotic system. An

appropriate selection of LPV scheduling parameters not only

results in hiding the nonlinearities in the system dynamics but

also leads to obtaining a decoupled state-space representation

for the two degrees of freedom (rotation and translation of

the catheter distal point). The effectiveness of the proposed

controller to achieve the desirable tracking performance is

demonstrated using an experimental setup through perform-

ing several sets of experiments.
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